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O N  N O N P A R A M E T R IC  IN F E R E N C E  FO R  T H E  C O M P A R IS O N  O F  S O M E  M E A 

SU R ES O F  IN C O M E  IN E Q U A L IT Y  

Foreword

T h e  th e o ry  and p rac tice  o f in e q u a lity  m easurem ent is a rich source o f econom ic 

lite ra tu re  w h ich  dates back a cen tu ry  ago w ith  the  p ioneering  cont r ib u t ions o f Pareto 

[42], Lorenz [39] and G in i [27]. Each provided equa lly  va luab le  ins igh ts  which paved 

th e  w ay fo r a new and fasc ina ting  fie ld  o f q u a n tit a tive  research and p o lic y  im p lica tio n s  

on incom e inequa lity . A second wave o f econom ists, nam ely, A tk in so n  [ 1], K ohn 

[37], Sen [49] and Shorrocks [51] b rough t the  n o rm a tive  concept o f incom e in e q u a lity  

in to  perspective . T hey  e ith e r proposed a lte rn a tive  measures o f incom e in e q u a lity  

based on th is  n o rm a tive  em p irica l c r ite r ia  o r p rov ided  a s tronger env ironm en t for the 

ra n k in g  o f incom e d is tr ib u tio n s  by im pos ing  ce rta in  cons tra in ts  on the  social welfare 

fu n c tio n . W h ile  the  s ta tis t ic a l co n tr ib u tio n s  to  th is  fie ld  o f research have somehow 

lagged beh ind  the  econom ic conceptua l fram ew ork , these past tw o  decades saw the 

em erg ing  awareness am ong econom ists o f the im p o rta n ce  o f st a tis tic a l m ethodologies 

in  th is  area.

T h e  basic g roundw ork  fo r th is  research rests on the  curve in troduced  by M .O . 

Lorenz and now nam ed a fte r h im . T he  Lorenz curve is fre q u e n tly  used to  describe 

and com pare  in e q u a lity  in incom e o r w ea lth  d is tr ib u tio n . T he  Lorenz curve also un 

derlies social welfare rank ings o f a lte rn a tiv e  d is tr ib u tio n s  and is the  basis o f several 

su m m a ry  measures o f incom e or w ea lth  inequa lity , the  m ost p o p u la r o f which is the 

G in i concen tra tio n  coeffic ien t (G in i [27]). The  com ple te  Lorenz C urve  allows one to  

look a t the  de ta iled  s tru c tu re  o f in e q u a lity  and to  id e n tify  those regions o f a d is t r i

b u tio n  where s ign ifican t in e q u a lity  differences occur. P r io r  to  1981, Lorenz curves 

have essen tia lly  been used as descrip tive  devices, the  reasons a ttr ib u ta b le  to  several 

facto rs  (see N ygard  and Sandstrom  [41] fo r a com ple te  d iscussion). For instance, 

app lied  researchers prefer to  w ork and base in e q u a lity  com parisons on standard  sum 

m a ry  measures fo r w h ich confidence in te rva ls  have been worked o u t (see G a s tw irth

ii i
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and Gale [25]) and K akw an i [32]. P a r t ly  ano the r defic iency in  the  use o f the  Lorenz 

C urve  fo r fo rm a l s ta tis tica l in ference is due to  m ethodolog ies w h ich  requ ire  an as

sum p tion  th a t da ta  come from  a specified d is tr ib u tio n . A  p r io r  assum ption  such as 

th is  is lik e ly  no t to  be true  in  general. Sendler [50] p rov ided  the im p e tu s  towards 

a s y m p to tic a lly  d is tr ib u tio n -fre e  procedures fo r Lorenz Curves. He considered the 

p rob lem  o f e s tim a tin g  the theo re tica l Lorenz curve fro m  data . Beach and D a v id 

son [9], Beach and R ichm ond [10], B ishop et. a l . f l l ] ,  G a s tw ir th  and G ale [26] and 

R ichm ond [45] advance on these results. G a s tw irth  [25] proposed scale-free tests fo r 

e x p o n e n tia lity  based on the Lorenz curve and G in i s ta tis tic . C hand ra  and S ingpur- 

w a lla  [13] s ta ted  a weak convergence resu lt fo r e m p ir ica l Lorenz processes. I t  w'as 

G o ld ie  [28] w ho p rov ided  a tho rough  convergence fo r e m p ir ic a l Lorenz and w ha t he 

calls concen tra tio n  processes.

C handra  and S ingpu rw a lla  [13] heightened th is  m o m e n tu m  by in tro d u c in g  an 

in* •'•resting re la tio n sh ip  between re lia b il ity  and the  Lorenz cu rve  and were the  firs t 

t.c .oint, o u t the  re la tio n  between the  to ta l t im e  on tes t (T T T ) ,  w h ich  is heav ily  

used in  re lia b ility , and the  th e o re tica l Lorenz curve. Csdrgd e t. al. [14] b u ilt  up a 

un ified  a sym p to tic  theo ry  for e m p irica l T T T ,  Lorenz and In  th is  thesis, we fo rm u la te  

s ta tis tic a l procedures which can be used as tools fo r fo rm a l s ta tis tic a l in ference in  the  

area o f incom e inequa lity .

T he  thesis is d iv id e d  in to  fou r chapters. C hap te r 1 discusses the  te rm s, concepts, 

econom ic ra tio n a le  and m o tiva tio n  used th ro u g h o u t the  paper. In  C h a p te r 2, we 

fo rm u la te  hypothesis tes ting  procedures fo r in te rsec ting  Lorenz curves. ‘ Crossing- 

O v e r’ Lorenz curves are com m on in e m p ir ica l w ork, hence we a tte m p t to  devise 

a s y m p to tic a lly  d is tr ib u tio n -fre e  procedures to  account fo r such re a l-w o rld  s itua tions . 

In  C hap te r 3, we w ill adopt A ly ’s [2] hypo thes is -tes ting  procedure fo r the  Lorenz 

C urve  to  the Generalized Lorenz curve suggested by Shorrocks [51]. T he  use o f 

generalized Lorenz curves in ra n k in g  incom e d is tr ib u tio n s  genera lly  resu lts  in  m ore 

incom e d is tr ib u tio n s  being ranked. F in a lly , in  C hap te r 4, we present a s y m p to tic a lly

iv
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d is tr ib u tio n -fre e  m ethodolog ies fo r the concen tra tion  index Z  in troduced  by Zeng;

[54].

V
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C h ap ter  1

In trodu ction

T he  econom ic and s ta t is tica l basis o f the  researches in th is  thesis are discussed in  th is  

chapter.

1.1 D efin it ions and T erm s

1.1.1 T h e  Lorenz Curve

Le t F(-)  be the  d is tr ib u tio n  fu n c tio n  o f a nonnegative  ra ndom  variab le  w ith  p o s itive  

f in ite  mean //,i.e . F ( 0 —) =  0 and / 0°° x  d F ( x )  — p,  0 <  p  <  oo. The  Lorenz curve 

(L C ) o f F is defined fo r 0 <  p  <  1 as

L ( P) — — I* F ~ l (t)d.t, (1.1)
p Jo

where F ~ i ( y ) =  in f { x  : F ( x )  > y }  is the  r ig h t con tinuous inverse o f the  r ig h t  con

tin u o u s  F(-)  and an in teg ra l w ith  endpo in ts  ‘a ’ and ‘ b ’ m eans in te g ra tio n  over the  

in te rv a l [a,b).

L e t x\ ,  x 2, ■.. , x„ be a random  sam ple from  F.  A n  e m p ir ic a l analogue o f  L ( p ) is:

i 1"p1
Ln(p) = —  (L2)xn

where r 1;ni x 2:n, . . . ,  x n:n are the  o rde r s ta tis tics  o f th e  X  sam ple, [f] denotes the  

in tege r p a rt o f t and x  is the sam ple mean. We also em p lo y  the  n o ta tio n  L x (p ) to  

denote the  em p irica l Lorenz curve fo r the  incom e vec to r x.

W hen the incom e u n its  are arranged in increas ing  o rde r o f th e ir  incom es, the

Lorenz curve is then the locus o f po in ts  (p, L ( p ))  where L(p)  is the  p ro p o rtio n  o f

1
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to ta l w ea lth  accounted fo r by the  p th% o f the  poorest in d iv id u a ls . T he  curve is an 

increasing convex fu n c tio n  w ith  endpo in ts  L ( 0) =  0 and L(  1) =  1.

T he  45° lin e  called the  com p le te -eq ua lity  o r egalitarian lin e  corresponds to  L(p)  =  

p in  th e  u n it  square. T yp ic a lly , a Lorenz curve is bow - shaped below  th is  line 

and incom e in e q u a lity  is said to  increase as the  bow is ben t m ore. N o te  th a t the 

Lorenz curve  is scale in va ria n t, th a t is, i t  is n o t susceptib le  to  the  p a r t ic u la r  m one ta ry  

d e n o m in a tio n  used to  measure incom e.

1.1 .2  T h e  G enera lized  Lorenz C urve

T he  genera lized Lorenz (G L ) curve o f F  is s im p ly  defined as the Lorenz curve scaled 

up by th e  m ean o f the  d is tr ib u tio n , th a t is, fo r 0 <  p <  1,

G L ( P) = pL(p) ,

where p  is the  m ean o f the  d is tr ib u t io n  F  and L(-)  is the  correspond ing Lorenz curve. 

T he  G L  has th e  same p ro p e rty  as the  o rd in a ry  LC  except th a t  the  G L  curve is not. 

in v a r ia n t to  th e  m one ta ry  d enom ina tion  used to  measure incom e. I t  is continuous, 

convex and nondecreasing in  th e  u n it  in te rva l. I t  s ta rts  a t th e  o rig in  (0 ,0 )  and ends 

in ( 1, /z - ) .  T h e  slope o f the  d iagona l is p x . The  he ight re flects the  levels o f incomes, 

w h ile  th e  cu rva tu re  ind ica tes th e  degree o f incom e inequa lity . T he  corresponding 

e m p ir ic a l analogue is:

1 Inp]
GLn(p)  = - ' £ x i:n, (1.3)

where x , :n is th e  ith  ordered incom e. We also em ploy G L x(p) to  denote th e  em p irica l 

Lorenz curve  fo r the  incom e vecto r x.

1.2 E c o n o m ic  C oncep ts  

B asic  E c o n o m ic  D efin it ions

2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

1. U t i l i t y  fu n c tio n  is a fo rm u la  show ing th e  to ta l sa tis fac tion  o f  consum ing  a pa r

t ic u la r  c o m m o d ity  bundle.

2. Social welfare fu n c tio n  W(- )  (S W F ) is a fu n c tio n  th a t re la tes th e  w e lfa re  o f a 

soc ie ty  to  the  u til i t ie s  o f its  m em bers. A lg e b ra ica lly , i f  th e re  are n in d iv id u a ls  

in  society, W  is a fu n c tio n  o f in d iv id u a l u t i l i t ie s , W  =  W ( U i ,  U-z, . . . ,  Un)• I t  is 

assumed th a t a change th a t makes someone b e tte r o ff w ith o u t m a k in g  anyone 

worse o ff increases social welfare.

3. P are to  im p rovem en t is a rea lloca tion  o f resources th a t m akes a t least one person 

b e tte r o ff w ith o u t m ak ing  anyone else worse off.

4. Incom e is a flow  o f m oney earned d u r in g  a pe riod  w h ile  w ea lth  is a net stock o f 

assets owned a t a p o in t in  tim e .

5. P rin c ip le  o f transfers allows incom e o f  some people to  fa ll,  p ro v id e d  th a t incom es 

o f o thers , w ho are poorer, increase b y  a t least the  same am oun t.

Measures o f incom e in e q u a lity  have been addressed by  econom ists and app lied  

researchers to  answer a w ide range o f questions. Is the re  less in e q u a lity  in  th e  past 

than  the  present year? Can we de te rm ine  w h ich  o f tw o  countries have m ore unequal 

d is tr ib u tio n ?  Do taxes lead to  grea te r in e q u a lity  in  the  d is tr ib u t io n  o f incom e or 

w ealth? In  e m p ir ica l w ork one w ould  ro u tin e ly  a p p ly  various measures o f in e q u a lity  

to  come up  w ith  answers. For the  econom ist however, i t  is m ore  n a tu ra l to  begin 

by cons idering  the  o rd in a l p rob lem  o f o b ta in in g  a ra n k in g  o f d is tr ib u tio n s . H ere in  

lies the  concept, o f th e  social welfare fu n c tio n  im p lic i t  in  the  ra n k in g  o f th e  incom e 

d is tr ib u tio n s . D eve lopm ent o f p rinc ip les  w h ich  im p ly  e m p ir ica l c r ite r ia  th a t can be 

app lied  to  evaluate and com pare incom e d is tr ib u tio n s  are addressed by  a n u m be r 

o f w rite rs  such as, A tk in so n  [4], D asgupta , e t a l. [21], R o th sch ild  and S t ig litz  [46], 

Saposnik [48], S lio rrocks [51], and others.

YVe discuss b r ie fly  these n o rm a tive  c r ite r ia  w h ich  we refer to  in  th is  paper as the  

c r ite r ia  fo r social o rde ring  or s im p ly  social eva lua tio n  c r ite r ia .

3
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1.2.1 Social E va luation  C riteria

C onsider n  households, id e n tica l in  a ll respects except fo r  incom e. Let VF(-) be the 

socia l welfare fu n c tio n  (S W F ) defined as fo llow s:

W = W(zi,z2, . . .zn) =  j rU ( * i ) ,  (1-4)
1 = 1

w here  z, is the  incom e o f in d iv id u a l i,  U(-) is the  in d iv id u a l u t i l i t y  fu n c tio n  and is 

increasing and concave. T he  above d e fin itio n  o f S W F  im p lie s  th a t W  is increasing 

in  incom es, th a t is, an increase in  incom e im p lies  an increase in  in d iv id u a l u t i l i t ie s . 

A s a consequence, a p a rtia l o rd e ring  im p lie d  b y  social w e lfare  regardless o f the  fo rm  

o f  th e  in d iv id u a l u t i l i t y  fun c tio n s  is defined. T h is  p a r t ia l o rde ring  is te rm ed  in  the  

econom ic lite ra tu re  as the  P are to  c r ite r ia . G iven any tw o  incom e vectors x  and y,  

th e n  fo r  i =  1, . . . ,  n  in d iv id u a ls ,

\ i x i > y l - ^ ] V ( x ) > W ( y ) .  (1.5)

x  is said to  be P are to  supe rio r to  y i f  a ll m em bers in  x  are b e tte r ofT and no one is 

worse o ff com pared to  y  and the re  is a t least one person w ho is b e tte r o ff (m ean ing , 

a. P are to  im p rovem en t has taken  place).

However, in  rea l s itu a tio n s , some in d iv id u a ls  w il l  bene fit and others w ill lose as 

a re su lt o f social changes and p o licy  in te rven tions . T he  effects o f these changes on 

socia l welfare become am biguous i f  we adhere to  th e  P are to  c r ite r ia . To reduce the 

a m b ig u ity  calls fo r a re la xa tio n  o f the  the  Pareto  c r ite r ia . T w o  constra in ts  are imposed 

on th e  S W F.

1. W  is s ym m e tric  in  its  a rgum ent i.e., W ( z )  =  W ( l l z ) ,  fo r a ll p e rm u ta tio n  m a

trices  n.

2. W  is Schur - concave in  in d iv id u a l u t il it ie s ;

4
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S ym m e try  (o r the  a n o n y m ity  p ro p e rty ) , means th a t i t  is no longer necessary fo r 

every in d iv id u a l to  be b e tte r o ff under x  than  under y: i f  2 o r m ore  in d iv id u a ls  swap 

incom es i t  makes no d ifference to  social welfare. As a re su lt, by  o rd e rin g  the  elem ents 

o f vectors x  and y  from  sm allest to  la rgest, y y n refers to  th e  poorest n d iv id u a l and 

y n:n to  the  richest, w ith o u t reference to  the  id e n t ity  o f  w ho th e  poorest o r the  richest 

in d iv id u a l m ig h t be.

T h e  p r in c ip le  o f transfers is w id e ly  accepted as th e  d e fin it io n  o f g rea te r e qua lity , 

i.e ., th e  trans fe r o f incom e fro m  a r ich e r to  a poo re r in d iv id u a l increases equa lity . 

T h is  is equ iva len t to  assum ing th a t th e  social welfare fu n c tio n  is Schur-concave, th a t 

is, i f  fo r any b is tochastic  m a tr ix  B , \ V ( B z )  > W ( z ) .  In  th e  incom e vec to r B z ,  each 

in d iv id u a l’s incom e is replaced by a convex co m b in a tio n  o f a ll incom es in  z ,  th a t is, B  

is a non-negative  square m a tr ix  fo r w h ich  each row  and co lum n  sums to  u n ity . Hence, 

B z  gives a specific fo rm  to  the  general n o tio n  th a t transfe rs  w h ich  are progressive 

reduce the  d ispersion o f incomes by  a fo rm  o f averaging o r convex com b in a tio n  o f 

incom es. As such, S chur-concav ity  re flects a preference fo r  g rea te r equa lity .

T he  f irs t assum ption o f s y m m e try  on W  enables us to  define  th e  so-called ra n k  

dom inance  c rite rio n .

Xi-.n > ( 1.6 )

B y  im pos ing  the assum ptions on W ,  we present th e  w e lfa re  c r ite r ia  w h ich  a llow  

us to  d raw  va lid  welfare conclusions in  e m p irica l com parisons o f incom e d is tr ib u tio n s  

fro m  sam ple data.

Theo rem  1.1 (w h ich  is Theorem  1 in  Dasgupta [21]) a llow s us to  characterize  

rank  dom inance in te rm s o f th e  Lorenz curves. Theorem  1.2 (w h ich  is Theorem  2 

in  Shorrocks [51]) characterizes ra n k  dom inance in  te rm s o f th e  generalized Lorenz 

curves.

T h e o r e m  1.1  Let x  and y be the two income vectors with corresponding means x and

5
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y,  respectively. Let  L x {p)(Ly(p)),  p  G [0 ,1 ] represent  the Lorenz curve corresponding 

to the distribut ion x  (resp y).

I f  x  =  y,  then W ^ x )  >  W ( y )  V  Schur-concave W ( •),

<=> Lx(p) >  Ly{p) ip.

T h a t is, th is  is th e  s itu a tio n  where one d is tr ib u t io n  x  can be shown to  be a t least

as des irab le  as a no the r d is tr ib u tio n  y  fo r  any Wr( ). Such a s itu a tio n  arises when two

d is tr ib u tio n s  have id e n tica l means and non -in te rse c ting  Lorenz curves.

T h e  above socia l eva lua tion  c r ite r io n  w h ich  uses the  Lorenz curve as a measure 

breaks down in  s itu a tio n s  where L x (p) >  L y{p) b u t x  <  y. T h is  resu lts  in  inconclus ive  

o rd e rin g  am ong pa irs  o f incom e d is tr ib u tio n s  (see Shorrocks [51]). A n  a lte rna tive : is to  

use th e  scaled Lorenz curve as a measure to  a rr ive  a t a social eva lua tion  c r ite r io n  and 

in v o k in g  th e  p r in c ip le  o f transfers. T h e  la t te r  is also referred to  in  the  lite ra tu re  as 

the  genera lized dom inance c rite r io n . I t  is assumed th a t the  m o n e ta ry  denom ina tion  

used to  m easure incom e is u n ifo rm  across d is tr ib u tio n s  being com pared.

T h e o r e m  X.2 Let  x  and y be the two income vectors with corresponding means  x 

and y,  respectively. Let  G L x {p) (GLy(p)),  p  G [0 ,1 ] represent the generalized Lorenz  

curve corresponding to the distribution x  (resp y) .

I f  x  >  y,  then W ( x )  > W ( y )  V  S-concave  Wr(-),

GLx(p) >  GLy(p) 'ip.

T h is  means th a t  an unam biguous ra n k in g  is ob ta inab le  i f f  th e  genera lized Lorenz 

curves do n o t in te rsec t and x  has b o th  a h igher mean and a h igher Lorenz curve , th a t 

is, the  G L  curve  o f x  m ust lie  everyw here above the  G L  curve o f y.

In  te rm s  o f th e  e m p ir ica l eva lua tion  o f incom e d is tr ib u tio n s , the  w elfare o rdering  

in  T heo rem  1.1 is equ iva len t to  the  Lorenz o rd e rin g  and Theorem  1.2 is equ iva len t to  

the  genera lized Lorenz ordering.

6
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The  Lorenz order , < £ ,  is defined as:

x  < l y if  f ° r  a ll 0 <  p  <  1, :.x (p) >  L y(p),  (1 .7 )

T he  generalized Lorenz  order , < gl  is defined by:

x  > g l  y  i f  x >  y  a.nd G L x (p) >  G L y (p),  (1 .8)

I f  we le t the  incom e vecto r x  (y ) correspond to  a d is tr ib u tio n  fu n c tio n  F  (G,  

resp.), then  the  ra n k  dom inance c r ite r io n  can be w r it te n  as:

F  > r  G  <-> T '- 1(p) >  Q _ 1(p )V p G (0 ,1 )

The rest o f the  m en tioned  orderings can thus be w r it te n  in  te rm s o f th e  p o p u la tio n  

measures.

In  re trospect, the  p a r t ia l o rdering  o f incom e d is tr ib u tio n s  accord ing to  th e  Lorenz 

c r ite r io n  is id e n tica l w ith  the  o rdering  im p lie d  by socia l w e lfare i f  th e  socia l w e lfare  

fu n c tio n  is defined as th e  sum o f in d iv id u a l u t i l i t y  fu n c tio n s  and b y  im p o s in g  th e  

a n o n ym ity  and S chu r-concav ity  assum ptions on H/ (-). B y  sca ling th e  Lorenz cu rve , 

Shorrocks [51] a rr ive d  a t ano ther c r ite r io n  to  reduce th e  a m b ig u ity  in  th e  o rd e rin g  o f 

incom e d is tr ib u tio n s . In  fa c t, P ya tt [44] com m ented  th a t the  a m b ig u ity  in  ra n k in g  

could be rem oved e n tire ly  i f  we could define a un ique  m easure o f d e s ira b ility  fo r  any 

p a rtic u la r  s itu a tio n  so th a t  th e  rank ing  o f a lte rn a tiv e  s itu a tio n s  was a lw ays possible. 

However, he also po in ted  o u t th a t i t  is h a rd ly  l ik e ly  th a t  such a m easure cou ld  be 

achieved. The  reader is re ferred to  the papers o f Shorrocks [51], P y a tt [44] and B ishop , 

e t. al. [11].

1.2.2 R e lia b il ity  and E conom ics

R e lia b ility  theo ry  explores classes o f life  d is tr ib u tio n s  correspond ing  to  various no tions 

o f aging. Each class o f life  d is tr ib u tio n s  provides a re a lis tic  p ro b a b ilis t ic  d e sc rip tio n  o f
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a phys ica l p ro p e rty  o ccu rrin g  in  the  re lia b ility  con tex t. T h is  is im p o rta n t in  m ode ling  

re a l- life  problem s. For exam ple , fo r  life  d is tr ib u tio n s  w h ich  are IF R  (Increasing F a ilu re  

R a te ), fa ilu re  ra te  increases w ith  age (see B a rlow  and Proschan [7] and H o llande r 

and  Proschan [30] fo r  tho rough  discussions on classes o f life  d is tr ib u tio n s  and th e ir  

p ro p e rtie s ).

Guess, H o llande r and Proschan [29] proposed tw o  new non p a ra m e tric  classes o f life  

d is tr ib u tio n s  for m o d e lin g  aging based on the mean residual life  (M R L )  - the  ID M R L  

( ‘ increas ing  in it ia lly ,  then  decreasing M R L ’ ) and th e  dua l D IM R L  ( ‘ in it ia l ly  adverse, 

th e n  bene fic ia l’ ). M R L  is defined as ‘given th a t an ite m  is a t age t ,  the  expected 

va lue o f th e  random  re m a in in g  life  is called M R L  a t age t ’ . Tests lo r these nonpa ra 

m e tr ic  classes o f life  d is tr ib u tio n s  are in  the lite ra tu re  and are derived e x p lic it ly  in 

correspondence w ith  the  T T T - tra n s fo rm . The  to ta l t im e  on tes t ( T T T )  - trans fo rm  

has been advocated by  B a rlow  and C am po [8] and others as a usefu l g raph ica l device 

to  ana lyze  life  data. I t  has likew ise  been u tilize d  by K le fs jo  [35] and o thers to  de rive  

tests o f e x p o n e n tia lity  versus nonpa ra m e tric  a lte rna tives .

For a life  d is tr ib u t io n  F  w ith  f in ite  mean //, th e  T T T - tra n s fo rm  T( p)  o f F  is 

defined as

f f  IP ;
T{p)  — /  (1 — F ( s ) ) d s ,  f o r 0 < p < l .

Jo

= f \ l  - y ) d F - ' ( y )  (1.9)
Jo

T h e  scaled T T T  tra n s fo rm  is

T, ( P) =  -  f P( l - y ) d F - l (y).  ( 1. 10)
p  Jo

C hand ra  and S ingpu rw a lla  [13] were the  f irs t to  p o in t o u t the  existence o f a close 

re la tio n s h ip  between the  T T T  and the  theo re tica l Lorenz curve , and in p a rtic u la r, 

between the  various ind ices associated w ith  these trans fo rm s and the  G in i index. For
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instance, the  re la tionsh ip  between the  scaled T T T  and th e  Lorenz cu rve  is noted as 

fo llow s.

L(P) =  - ^ ( 1  -  p ) F - \ p )  +  T.(p)  (1.11)

9
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C h ap ter  2 

O n T estin g  for ‘In te rsec t in g ’ Lorenz C urves

2.1 In trod u ction

T h e  ra n k in g  o f incom e d is tr ib u tio n s  has a lways been o f g reat in te res t fo r  researchers 

and econom ists a like . U s ing  the Lorenz curve as a desc rip tive  device, one is able 

to  com pare in e q u a lity  in  incom e or w ea lth  d is tr ib u tio n . N o t o n ly  are we able to  

d e te rm in e  dom inance re la tionsh ip s  in  te rm s o f the  incom e c r ite r ia , we are also p ro 

v ided  w ith  a means by w h ich  to  base p o lic y  re form s (e.g., ta x  re fo rm s). Indeed, the  

im p lic a tio n s  on  the  com parison  o f Lorenz curves are num erous and c ruc ia l to  decis ion

m ak ing . However, because th e  theo re tica l Lorenz curves are es tim a ted  based on the  

sam ple incom e da ta , va ria tio n s  in  m easurem ents are lik e ly  to  occur. These va ria 

tio n s  m ay  e ith e r be in h e re n t o r due to  random  va ria tio n . I t  is there fo re  re levant th a t 

s ta tis tic a l tests be fo rm u la te d  to  enable a p o licy  m aker to  m ake s ta tis t ic a lly  sound 

conclusions.

T he  ra n k  dom inance c r ite r io n  and the generalized dom inance  c r ite r io n  are e ffective  

w e lfare  c r ite r ia  fo r ra n k in g  incom e d is tr ib u tio n s . However, in  a num ber o f s itu a tio n s , 

i t  is lik e ly  th a t  a dom inance re la tionsh ip  cannot be concluded. T h is  is tru e  when 

th e  Lorenz curves in te rsec t. For instance, in  a s tu d y  o f in te r-c o u n try  com parisons, 

Shorrocks [51] concluded in  h is Table 1 th a t Lorenz curves in te rsec t in a t least 108 o f 

th e  190 pa irw ise  com parisons between countries, hence ba re ly  40 % o f the  in e q u a lity  

com parisons generate unam biguous Lorenz rank ing . W hen  th e  generalized Lorenz 

c r ite r io n  was u til iz e d , his T ab le  2 ind ica tes th a t the  generalized Lorenz curves in te rsec t 

in  o n ly  31 o f the  190 p o te n tia l pa irw ise com parisons. On the  basis o f th is  G L  curve, 

dom inance is conclusive in  84% o f the  cases. These s itu a tio n s  th a t resu lt in  am biguous
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rank ings are com m on. A lth o u g h  a substan tia l am oun t o f econom ic lite ra tu re  on 

th e  social eva lua tion  c r ite r ia  have been proposed to  o b ta in  com parisons th a t are 

conclus ive , the  p rob lem  o f ‘ in te rse c tin g ’ Lorenz curves re m a in . We have devised a 

s ta tis t ic a l procedure th a t can be used to  test e q u a lity  o f th e  tw o  incom e d is tr ib u tio n s  

when i t  is suspected th a t th e ir  correspond ing Lorenz curves in te rsect. C om pared to  

a descrip tive  num erica l com parison, th is  s ta tis tic a l p rocedure  is hoped to  assist the  

econom ist in a rr iv in g  a t a m ore  re liab le  conclusion in  s itu a tio n s  when th e  sam ple 

Lorenz curves in tersect.

In  th is  chapter, the  focus is to  develop a s y m p to tic a lly  d is tr ib u tio n -fre e  te s t p ro 

cedures against ‘ crossing-over’ Lorenz curves.

We f irs t consider the  s itu a tio n  when a sam ple incom e d is tr ib u t io n  is be ing  com 

pared w ith  a know n incom e d is tr ib u tio n . We refer to  th is  as th e  one-sam ple case. 

T h e  case when the  p o in t o f ‘ in te rse c tio n ’ is know n is presented in  section 2.2.1. For 

unknow n  ‘c ross ing -po in t’ , the  procedure is developed in  section  2.2.2. W e also con

s ider the  s itu a tio n  when tw o  sam ple incom e d is tr ib u tio n s  are be ing com pared. W e 

re fe r to  th is  as the  tw o-sam ple  case.

2 .2  O n e -S a m p le  C ase

L e t F„ be a com p le te ly  specified d is tr ib u tio n  fu n c tio n . L e t F(- ) ,  x  and Xi-n, x 2:„ , . . . ,  x n:n 

be respective ly , the e m p irica l d is tr ib u t io n  fu n c tio n , th e  m ean and the  o rde r s ta tis tics  

o f a random  sam ple from  F(-).

In  the  present section, we consider the  p rob lem  o f te s tin g  th e  n u ll hypo thesis

H  0 : F k F 0 (2. 1)

against each o f th e  a lte rna tives

H ip  : For a g iven (know n ) and fixed p G (0 ,1 ) where p  is th e  ‘ crossing p o in t ’ ,
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L( t )  > L a{t) fo r 0 < t  < p  and ( 2 .2)

L( t )  < L 0(t)  fo r p < t <  1

H x  : (2 .2 ) holds fo r p  unknow n, (2.3)

where L(-)  and L 0{-) are the  Lorenz curves o f F  and Fa, respective ly . We notice  th a t 

F  < l F 0 and F0 F  i f  and o n ly  i f  F ( x )  = F'o(0x)  fo r some 6 and fo r a ll real x,

i.e ., F  is equal to  F0 in  the  Lorenz sense. In  th is  case, we say th a t F  = Fu. O u r test 

s ta tis tic s  are m o tiva te d  by A ly (1 9 9 0 ) test s ta tis tics  fo r J D M R L  a lte rn a tive .

In  th e  above test procedures, we tes t the  Lorenz e q u a lity  o f the  tw o  incom e d is t r i

b u tio n s  when i t  is suspected th a t th e ir  Lorenz curves in te rsec t. T h is  means th a t we 

cannot estab lish  a dom inance re la tio n sh ip . I f  the  ‘c ross ing -po in t’ is know n, re jection  

o f the  e q u a lity  o f the  tw o  d is tr ib u tio n s  mean th a t fo r the  poorest pth per cent o f the 

p o p u la tio n , the  incom e d is tr ib u tio n  o f the  sam ple e xh ib its  less in e q u a lity  than  the 

th e o re tica l m odel. W hen H 0 is re jected fo r th e  case when the  ‘ in te rsection  poin t,’ 

is no t know n , then  p can be es tim a ted . In  such circum stances, conc lud ing  th a t the 

sam ple incom e d is tr ib u tio n  in tersects a know n d is tr ib u tio n  and hence being able to  

es tim a te  the  ‘ crossing p o in t ’ p, a researcher is able to  s ta t is t ic a lly  conclude th a t the 

degree o f incom e in e q u a lity  fo r the  holders o f the  p th fra c tio n  o f incom es is less than 

th a t fo r  th e  specified d is tr ib u tio n  m ode l (re fer to  F ig u re  2.1).

2.2.1 T est in g  H 0 against H Xp (K now n  C rossing P o in t  p)

L e t F\  and F 2 be tw o  incom e d is tr ib u tio n s  and L\  and L i  be th e ir  Lorenz curves, 

respective ly . M o tiva te d  by (2.3) o f A ly  (1990), we consider

A ( F l , F 2-,p) = 2 [ P{ L x( t ) - L 2( t ) } d t - 2  [ ' { L M - L i i t f t d t
JO Jp

12
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=  4 / " { M O  -  W ) }  d t - 2  [ ' { h i t )  -  L 2{t)} dt  (2.4) 
Jo Jo

arid no te  th a t i f  F i = F2, A ( F i ,  F2;p ) =  0 and i f

£ i ( 0  >  L 2(t)  fo r 0 <  t < p  and (2.5)

Li{ t )  <  L 2 H)  fo r p < t < 1

L
holds and F\  ^  F 2 then A ( F i , F 2;p )  >  0.

N ote  th a t

l V Li t )  dt  =  [ P -  f  F ~ \ s ) d s d t  
Jo Jo f l  Jo

=  -  [  Ip -  s ) F ~ ' l s ) d s  
p  Jo

=  { \ p 2 F - ' I O V I F - 1 (0 ) ? 0 )  + l J oP Ip - s ) 2d F - '  (5) } ,  (2.6)

where / ( A )  is th e  in d ic a to r fu n c tio n  o f the  event A .

B y  (2 .4) and (2 .6 ), we have

A  I F u F ^ p )  =  - | { p 2JF r 1( 0 ) / ( F r 1( 0 ) ^ 0 )  +  ^ P( p - s ) 2d F r 1( 5 ) }

~~k { ^ - ^ ' ( ^ ( O )  ^ ° ) + j f (p _ 5)2^ i(^)}

{ F r 1(0 )7 (F 1- 1(0) ^  0) +  J \  1 -  s)2d F 1- 1( s ) }

+  i -  { f - H O ) ^ ^ " 1^ )  ^  0) +  j f ^ l  -  . s f d F '1^ ) }  ,

-  j — { ( 2/ j 2 — l ) F 1_1( 0 ) / ( F f 1(0) ^  0 ) }

{ r 2(p ~  5)2 d f r ' {s) -  J o {i ~ s)2 ^ ‘ , ( s ) }

_ J _ { ( 2p2 _ i ) F 2- 1( 0 ) / ( F 2- 1( 0 ) ^ 0 ) }

~7T2 { H 2{p ~ 3)2 dF^ [s) ~ j f (1 ~ s)2^ -1 ^ ) }  •

13
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To conduct th e  one-sam ple test o f (2.1) and (2.2) we propose a test s ta tis tic  based 

on 11 p.

A  ( F t F„-,p) = 6{F;p)  -  6(Fo,p) = t lp, (2.7)

where

H F ; P) = - { ( 2p2 - l ) F - 1(0) / ( F - 1(0 ) / 0 ) +  5 ( F ; p ) } ,  (2 .8 )

9 {F; p) =  2 f P(p — s ) 2d F ~ l (s) — C  (1 — s ) 2d F ~ 1(s),  (2.!))
Jo Jo

S(F:p)  = 1- { ( 2 P2 - l ) x 1:nI ( F - ' ( 0 ) T t 0 ) + g ( F ; P) } ,  (2.10)

M " 1 /  , \2  "-1  /  2
g ( F; p )  = 2 [p ~  ~ )  (x }+i-n -  x r - n )  -  1 3  ~  ~ )  ( x J+> " ~  x J:r, ) ( 2.1 1)

and 1(A)  is the  in d ic a to r fu n c tio n  o f the  event A .

In  th is  section we derive  the  a sym p to tic  d is tr ib u t io n  o f 8(F\p) .  T he  fo llow ing  

d e fin itio n  is needed in  the  s ta tem en t o f Theorem  2.1

D efin it ion  2.1 The distribut ion funct ion F(-)  is said to satisfy the Csorgo-Iicw'sz

tail condit ions on the support  o f  F  denoted by (If / T f ) = {x : 0 <  F ( x )  < 1} ,

— oo <  tjr < T f  <  co ( Csorgo-Revesz [16] )  i f

1. On ( i f , T / r ) ,  F  is tw ice  d iffe ren tiab le  and / ( • )  =  F'(-)  > 0;

2. For some 7 /re(0 ,o o ), we have

sup F ( x ) ( l - F ( x ) ) \ f ( x ) \ / f 2( x ) < v ,-
t p < x < l p

To be able to  s ta te  the  next resu lt, we define <x2( F)  as follows.

a 2( F )  = ~ \  (  ( p - y ) ( l - y ) /  x ( p - x ) d F  l ( x ) dF  '( ; / )
p *  Jo Jo

14
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+2 [  h ( y ) { \ - y ) f  x h ( x ) ' . F  1( x ) d F  * (y )
Jo Jo

- -  f  (p -  I ) ( l  -  x)  f  y h ( y ) d F ~ 1( y ) d F ~ 1(x)  
f i  Jo Jo

- -  [ \ p  -  x ) x  [ \  1 -  y ) h { y ) d F - \ y ) d F - ' { x )  (2.12)
P  JO J x

w ith

X 2 ( i  -  a) , g{F-,p)  
—     1----------------— — .

g ( F ; p) = 2 f P( p - s ) 2d F - ' ( s ) -  f \ l - s ) * d F - \ s ) .
Jo Jo

T h e o r e m  2.1 Assujt ic that F( - )  has mean p,  satisfies the Csorgo- Revesz  tail con

di t ions on ( t p , T f )  and i f  F ~ 1(Q) 0, we have f F ~ l { 0) ^  0. Assume,  in addition,

that  0 <  cr2( F)  < oo, where cr2( F)  is as in (2.12).

T hen as n —► oo,

n *  {S(F-,p)  -  G { F ]P), (2.13)

where

G( F - p )  =  — J \ P — s ) B ( s ) d F ~ l (s)

~  f  \  +  - ^ r ^ }  B { s ) d F ~ l {s),  (2.14)Jo { p p 2 J

and B(-)  is a B row n ian  B rid g e 1.

Proof:

Let S’ ( F; p )  = p 6 ( F; p ) ,  Sm( F \ p )  =  x 6 ( F; p )  and no te  th a t

'T h e  process { B (x ) ,0  <  x <  1} is said to be a Brownian Bridge if i t  is Gaussian  with m ean  zero 

and covariance function £ ,[fl(s)B (t) ]  =  s A  / — s i ,  where A  m eans  m in im um (s ,t ) .

15
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{**(/■» - **(/•’; ■■■•} •■= (V - i)«i {/‘ _1 (o) - ~(o)} /(/«’-'(0) i- o)
+ {fj(F-p) -  g(F-p)} . (2.15)

We consider firs t the l im it in g  d is tr ib u tio n  o f the second te rm  in (2.1.r>)

{<Ahl >) ~ //(/•’; 70} = { £ (  V -  -s)2r//>-'(.s) -  £ ( P -  .s)arf/«’- '(.s )}

_ u i  ~  -  / >  -  ^ ' - ' ( a ) }

By T l i r o r rm  r>. 1 o f A ly ( !!)!)()),

i
11 2 { / / ( / O -  . ' / ( / ' ' ; / ' ) }  4 ^  ~  . s ) / i ( . s ) f / / ' " ' ‘ ( . s ) -

2  / ' ( l  -  . s ) / y ( . s ) d / ' , | (.s) {2 .1(1)
Jo

N e x t, we consider the lim it in g  d is tr ib u tio n  o f the f irs t te rm  in (2 .15). We on ly  

need to  consider the case I-'~ ’ (()) /  0 in which we assume th a t f  I '  1 (0) /  0. W rite

/; 1 W )—►
/ ( / ' - ■ ( ( ) ) )  

Hence, as n — ► oo,

0. (2.17)

7i*  {b '  ( 1‘ ; ]>) — A *(/'’; / ) ) |  —> random  variab le  o f t.lie R .II.S . o f (2. l f i )  (2.18) 

It. the re fo re  follows t hat

lfi
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Since p = Jo (1 — s ) d F  ’ (a) and x  =  /„* (1 — s ) d F  *(.s)

n j ( i  — p)  =  n !  (1 — .s)*//1 * (5) — J  (1 — s ) d F  J(.s ))

C  B { s ) d F ~ \ s )  (2.20)
Jo

Hence by (2 .16),(2 .19), (2.20) and S lu ts k y ’s Theorem , we have as n  —► oo, 

n i { 6 ( F - , p ) - 6 ( F , p ) }  -5  i ( 4 j f ,' ( p - S) B ( sM F - , ( ^ - 2 _ ( ' ( l - s ) B ( sK J ' - 1( * ) }

_ * A £ >  f a w r - ' M
P• VO

=  £ j \ p - s ) B { s ) d F - ' { s )

~  Jo { ^ 7  ~~ +  9- ^ ^ } B (s)d F ~l (s) (2.21)

-  G( F; p) .

N ote  th a t fo r every fixed p £  (0 ,1  ) , G ( F ’,p)  is a N ( 0 , a 2(F)) .  T h is  com ple tes the  

p ro o f o f Theorem  2.1.

B y  th e  resu lt th a t  A ( F , F 0) =  0 unde r H 0 o f (2 .1) and by Theorem  2.1, we have 

as n —> oo.

T »  =  n h - r h , S ' N ^ vl- ( 2 .22)a Kt o)

A n  a sym p to tic  d is tr ib u tio n -fre e  procedure based on (2.22) fo r te s tin g  H 0 o f  (2.1) 

against H \ p o f (2 .2) is to  re ject H 0 at a s y m p to tic  leve l a  i f  Tip > z i_ Q, w here P ( Z  < 

•^ l-a ) =  l — o  (ie , zp is the  pik q u a n tile  o f Z, 0 <  p  <  1). T h e  consistency o f 

the  proposed te s tin g  procedure fo llow s fro m  th e  resu lt th a t  i f  A ( F , F 0) > 0 then  

Tip =  T;p +  /? lp , where R lp =  =  0 ( n ? )  and T{p =  0 (1 ) .

17
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2 .2 .2  T estin g  Ha versu s Hi  (U nknow n C rossing  P o in t p)

W hen  th e  ‘ c ross ing -po in t’ p is unknow n , we propose the  tes t s ta tis tic

ti  =  sup n !  A  ( F ,  Fa\p) = sup n* (6 (F; p)  — 6(F0,p) )  . (2.23)
0<p<l 0<p<l v

U n d e r H 0, we have as n —► oo,

h  sup G( F0;p) =  TFo, (2.24)
0<p<l

w here G( F 0',p) is as in  (2.14). W e re ject H 0 o f  (2.1) in  fa vo r o f Hi  o f (2 .3) i f  t\  is 

large.

T h e  d is tr ib u t io n  fu n c tio n  o f T f 0 depends on the  pa ren t d is tr ib u tio n  F„(-). For 

th is  reason, we need to  o b ta in  l im it in g  c r it ic a l values o f ti  fo r each F0 o f interest,. For 

any g iven  Fa, th e  l im it in g  c r it ic a l values o f 11 can be ap p ro x im a te d . G(F„;p)  o f can 

also be ap p ro x im a te d  fo r K  la rge, th a t is,

4 i / K - j / K ) Z t

where

{ Z 1, Z 2, . . . , Z K - i } ~ A / U A r ( 0 ,E ) ,

g ( F o]i / K )  = ‘2 j 2
( i / K - j / K Y K - 1 

- £
(1 - j / K Y

U  f o K - ' u / K )  U  f o F - ' u i t < y
and (2.26)

18
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E =  [E , j]  w ith  

E i j  =  i / K ( l  -  j / K ) , i  < j . (2.27)

Hence

T Fu ~  m ax  G ( F 0; i / A ' )  =  7>c (2.28)
Iv lSA —1

For any given d is tr ib u tio n  F0, we can o b ta in  a ta b le  o f a p p ro x im a te  l im it in g  

c r it ic a l values. In  p a rtic u la r  fo r F 0(x)  =  1 — exp ( —x) ,  x  > 0, th e  l im it in g  c r it ic a l 

values o f t\  is ob ta ined . T he  p rocedure  em ployed is th a t  fo r  large K ,  say K  =  200, we 

c o m p u te  E  o f (2.27). We s im u la te  N  =  1000 random  variab les fro m  the  m u lt iv a r ia te  

n o rm a l d is tr ib u tio n  w ith  m ean 0 and variance-covariance E  o f (2 .27). W e ca lcu la te  

Tp) ,  fo r i = 1 , . . . ,7 V  o f (2.28). T h e  c r it ic a l values are then  o b ta ine d  by  o rde ring  

th e  Tp],  i =  1 Hence, fo r a  =  0 .1,0.05 and 0.01, th e  l im it in g  c r it ic a l values

are 1.56,1.78, and 2.13.

R em arks:

1. W hen 110 is re jected, we m ay es tim a te  the  ‘c ro ss in g -p o in t’ p b y  p w h ich  satisfies

sup { S ( F ]P) -  6(F0; p) }  =  n *  { 6 ( F ; p ) -  6(F0;p)}
o<P<i J '  1

2. R e fe rring  to  R em ark 5.1 o f A ly  [2]: I t  is possib le  to  adop t the  proofs o f 

C h a p te r 6 o f Csorgd, Csorgo k. H o rva th  to  d ire c tly  p rove  Theo rem  2.1 unde r th e  

weaker cond itions  E X 2 <  oo and 0 <  cr2( F)  < oo.

2 .3  T w o-S am p le C ase

S im ila r  to  the  m o tiv a tio n  fo r the  one-sam ple case, in  the  te s t p rocedure  fo r in te rsec ting  

Lorenz curves when tw o  sam ple incom e d is tr ib u tio n s  are be ing  com pared, we test

19
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th e  Lorenz e q u a lity  o f the  tw o  sam ple incom e vectors. R e jec tion  o f th e  e q u a lity  

hypothesis im p lie s  th a t  before the  ‘p o in t o f in te rse c tio n ’ , the  Lorenz curve  o f the  firs t 

sam ple incom e d is tr ib u t io n  is above th e  Lorenz curve o f the  second sam ple incom e 

d is tr ib u t io n . A fte r  th e  ‘ c ross ing -po in t’ , the  reverse is apparent. Hence, no  dom inance 

re la tio n sh ip  is estab lished. I f  the  ‘ crossing p o in t ’ is g iven, then  we m ay conclude 

th a t fo r  th e  poorest pth per cent o f the  p o p u la tio n , there  is less in e q u a lity  in  incomes 

fo r th e  f irs t p o p u la tio n  than  the  second. For an econom ist, th is  typ e  o f answer is 

s ig n ifica n t w hen he is in terested in  fin d in g  o u t i f  a ce rta in  ta x  p o licy  has reduced 

incom e in e q u a lity  fo r the  poorest pth per cent b y  com paring  th e  periods before and 

a fte r ta x a tio n .

Le t x \ ,  x 2, . • •, Xm and j/ i,  y2, . . . ,  yn3 he independent random  samples fro m  /q  and 

F2, respective ly . L e t Fi(-),  x ni and x U ni, . .. (resp. F2( ), y n2 and t/1;n2, . . . ,  j/nj;nJ

be respective ly , th e  e m p irica l d is tr ib u t io n  fu n c tio n , the  mean and th e  o rde r s ta tis tics  

o f the  x  (resp. y ) sample.

We consider th e  p rob lem  o f tes ting  the n u ll hypothesis

H 0 : F x k  F2 (2.29)

aga inst the  a lte rn a tiv e

H 2 : For a given ‘c ro ss in g -p o in t’ p £ (0, 1), (2.30)

L\{t )  >  L 2(t)  fo r 0 <  t <  p and

L\{ t )  < L 2(t) fo r p < t < I, (2.31)

where L\{-)  and L 2{-) are the  Lorenz curves o f F x and F 2, respective ly . Hy the

a rgum en t in  th e  one-sam ple case, we propose to  use A (F\ ,  F2\p)  o f (2.7) as a measure

o f the  d e v ia tio n  fro m  H a o f (2.29) in  favor o f H\  o f (2.31).

20
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To conduct the tw o-sam ple test, we propose a  test s tatistic  based on

A  ( F u F 2;p ) = S(Fl ; p ) - S ( F 2-,p) =  (2.32)

where 8(F\' ,p)  (resp. 8( F2;p))  is expressed in  te rm s  o f and the  X ’s (resp. th e  n 2 

and the  Y 's ) s im ila r  to  the  expression o f (2.10).

Le t Bi (- )  and f?2(-) be tw o independent B ro w n ia n  bridges and define,

_  / '  J  H (J jL £ )  +  » M }  B 2(s ) JF , - ‘(s ))1 (2 .33)
Jo { p  2 P 1 )

T h eorem  2.2 As s ume  that F\{-) and F 2{-) have means  pi  and and p 2 and sat i s fy the 

Cs'drgo- Re.ve.sz tail condit ions on their supports.  A s s u m e  fur ther  that  0 <  a 2( Fi )  <  

oo, 0 <  a 2( F 2) <  oo, where cr2( F)  is as defined in (2.12).

Then,

-  ( ^ - -  W ; p ) }  -  G{ Fu F2- p )I o

as m i n ( n i , n 2) —* oo and ( n i , n 2) G D \  :=  { ( n i , n 2) : A <  <  1 — A } fo r some

A ~  (0, 1 /2 ], where G( F\ ,  F2;p)  is defined in  (2.33).

Proof:

Consider
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1/2

-  ( ^ l ) , / 2n !/ a W A ; p ) - ^ ( P ' . ; p ) }

-  ( ^ T ^ ) 1/ 2n 2/ 2 { ^ ^ 5 P )  -  * ( * » ; ? ) }  (2-34)

w here A (Fi,  F2; p)  and S( F; p )  are defined as in  (2 .7 ) and (2 .8 ), respective ly. From  

(2 .34), we can prove th a t 

Hence,

( ^ p r ) 1 /2{ A ( A , F 2; P) -  A ( F „ F 2;p ) }  -  G ( F u F2]P) A  0.

B y  re m a rk  2 in  Section 2.2.2, th e  Csorgd-Revesz ta i l  co n d itio n s  o f Theorem  2.2 

can be rep laced by the  co n d itio n  th a t  E X 2 < 0 0  and E Y 2 <  00 .

T he  basis o f the  tw o-sam ple  test is the  fo llow ing  theorem  w h ich  fo llow s d ire c tly  

fro m  T heo rem  2.2 by n o tin g  th a t G( F\ ,  F2;p) is a mean zero n o rm a l random  variab le  

w ith  va riance  o f (2.36). T he  com ple te  p ro o f is a long th e  lines in  A ly  [2].

T h e o r e m  2 .3  As s ume  that E X 2 < 0 0 , E Y 2 <  00 , 0 <  a 2(Fj )  <  00 and  0 <  

a 2{F2) <  00 . Then,

t n , n ,  5 j v ( 0 1 )  (2,5)
V rii - f n 2 /  <rB l,„2

as m m ( n j , n 2) —♦ 00 and ( n j , n 2) 6  D \  :=  { ( n j , n 2) : A <  <  1 — A } fo r some

A ~  (0 ,1 /2 ] ,  where a 2(-) is as in  (2.12) and
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=  +  n 2 <r2(F2) } / ( n 1 +  n 2), (2.36)

N e x t, we define

< , n 3 = < , nM u F 2) = { n l <r \Fl ) + n 2a \ F 2) } / { n 1 + n 2), (2.37)

where

c r 2 ( / " j )  =
32 M _ 1

t"P ] f  ■ V 2 n - 1  /  • N 2

a ( F ; P) -  2 £ ( , - i )  C « -  E ( l - i )  ^

w here x  is the  mean o f the  sam ple, D Xtj = Xj+1;n — x j :n and cr{F2) is defined 

s im ila r ly .

C orollary  2.1 As s ume  that H 0 of (2.29) holds true. Then, under the conditions of 

Theorem 2.3 we have

r n, =  ( ~ ~ 2 ? )  %  N ( 0 ,1 ) (2.38)
V n j + n j /  <7n i,nj

23

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

As a consequence o f (2.38) we propose to  re ject H 0 o f (2 .29) i f  T„t<ni > Z \ - a ,ie, zp 

is th e  p th q u a n tile  o f Z, 0 <  p < 1. T he  consistency o f th e  proposed tes ting  procedure 

fo llow s fro m  th e  resu lt th a t  i f  A ( / * i ,  F2\p) > 0 then

T m . n ^ T ^ + R n t . n , ,  (2.39)

where

T n i , n j  £  M ( 0 , 1 )

and

_  /  n xn2 \ 1/ 2 A ( F i , F 2\ p ) g 0 f  n xn 2 X1/ 2
1'"2 V n i + n 2/  o n, (Tt2 \ n i + n 2J

2.4 S im u la tion s

2 .4 .1  O n e-S am p le  C ase

W e consider th e  p rob lem  o f te s tin g  H 0 o f (2.1) against 7 / ip o f (2 .2). Le t T\p be as in 

(2.22) and reca ll th a t we propose to  reject I IU a t a p p ro x im a te  level a  i f  T\ p > z t ^ a .

A  M on te  C a rlo  s im u la tio n  s tu d y  was conducted to  o b ta in  a tab le  o f c r it ic a l va l

ues o f t i p fo r each value o f p = 0 .1 ,0 .25 ,0 .5 ,0 .75 , and 0.9. For each sam ple size 

n =  50,100, th e  random  sam ple z i , z 2, . . .  , x n was generated from  the  exponen tia l 

d is tr ib u t io n  w ith  mean 1 and corresponding test s ta t is t ic  T ip o f (2.22) was ca lcu 

la ted . T h is  procedure was repeated 1000 tim es. T he  re su ltin g  percentage po in ts  are 

shown in  Tab le (2 .1 ) fo r n = 50 and in  Tab le (2 .2 ) fo r n  =  100. The  correspond ing  

standa rd  n o rm a l values fo r a  =  0.10,0.05 and 0.1 are 1.2816,1.6449, and 2.3263, 

respective ly.
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Table  2.1: C rit ic a l Values o f 7 i p for n  =  50

Percentage 0.10 0.05 0.01

p = 0.1 1.45782 1.79441 2.32465

p = 0.25 1.49497 1.92712 2.56977

p =  0.5 1.58372 2.04085 2.83499

p =  0.75 1.17229 1.54033 2.19678

p  =  0.90 1.17233 1.48873 2.29634

Table 2.2: C r it ic a l Values o f T \ f o r  t: =  100

Percentage 0.10 0.05 0.01

p = 0.1 1.42825 1.77570 2.34559

p = 0.25 1.47846 1.93438 2.47104

p =  0.5 1.46975 1.85528 2.64145

p = 0.75 1.17926 1.54951 2.02444

p - 0.90 1.22171 1.69560 2.17465

2 .4 .2  T w o-S am p le  C ase

W e consider the  p rob lem  o f te s tin g  H a o f (2.29) against H 2 o f (2.31). Le t 

be as in  (2.38) and reca ll th a t we propose to  re jec t H a a t a p p ro x im a te  leve l a  i f  

T  -
n l 1 * * 2  ^  v 1 — f> •

W e con sid er th e  prob lem  o f  te s t in g  H 0 vs. H 2.

A M o n te  C arlo  s im u la tio n  s tu d y  was conducted  to  o b ta in  a tab le  o f e m p ir ica l 

c r it ic a l values o f p — 0 .1 ,0 .25 ,0 .5 ,0 .75 , and 0.9. For each sam ple  size n\  and n 2 =  

50,100, the  random  samples X i, x 2, . . . , x n, and y x, y 2, . . . ,  y„2 were b o th  generated

25
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T ab le  2.3: C ritic a l Values of Tni,n7 for n, =  5 0 , i= l ,2 .

Percentage 0.10 0.05 0.01

p  =  0.1 1.11774 1.42170 2.13231

p  =  0.25 1.16895 1.50346 2.03769

p =  0.5 1.26100 1.61274 2.18157

p =  0.75 1.03335 1.37699 2.00665

p =  0.90 1.13575 1.48087 2.11772

2.4: C r it ic a l Values o f Tnun3 fo r n, =  100,i

Percentage 0.10 0.05 0.01

p =  0.1 1.15492 1.50200 1.98969

p =  0.25 1.21999 1.53851 2.35534

p =  0.5 1.23468 1.70766 2.44096

p ■ 0.75 1.17582 1.52253 2.23334

p =  0.90 1.11538 1.44979 2.27025

fro m  th e  e xpone n tia l d is tr ib u tio n  w ith  m ean 1 and correspond ing test s ta tis tic  7’rilin j 

was ca lcu la ted . T h is  procedure was repeated 1000 tim es. T he  re su ltin g  percentage 

po in ts  are shown in Tab le  (2.3) fo r n j =  n 2 =  50 and in  Tab le  (2.4) fo r r ij =  n 2 =  100.
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C h ap ter  3 

On T estin g  for G eneralized  L orenz O rdering

3.1 In tro d u ctio n

In  C hap te r 2, we developed s ta tis tica l tests to  de te rm ine  w h e th e r th e  Lorenz curves 

o f tw o d is tr ib u tio n s  ‘cross-over’ o r n o t. W e have po in te d  o u t in  C h ap te r 1 th a t 

‘crossing-over’ Lorenz curves is an e m p ir ica l h ind rance  in  the  exercise o f ra n k in g  

incom e d is tr ib u tio n s  since i t  resu lts in  inconc lus ive  o rde ring . U t i l iz a t io n  o f th e  G L 

curves as tools fo r rank ing  provides a c learer o rde ring  o f a lte rn a tive s . Hence, rank  

dom inance is characterized in  te rm s o f the  generalized Lorenz curves (re fe r to  Theorem  

1.2). Shorrocks [51] concluded th a t by using the  generalized Lorenz c r ite r io n , he was 

sucessful in  ra n k in g  85% o f the  possible pa irw ise  com parisons. B ishop , e t.a l. [11] 

dem onstrates th a t by a p p ly in g  s ta tis tic a l tests to  o b ta in  a dom inance re la tio n sh ip  

between tw o d is tr ib u tio n s , the  s ta tis tic a l tests resu lt in  m ore  unam biguous ra n k in g  

than  m ere num erica l or descrip tive  com parison. For exam ple , in  h is s tu d y  to  com pare 

the  incom e d is tr ib u tio n s  o f the  states in  th e  U.S. am ong them selves and w ith  the  

incom e d is tr ib u t io n  o f the  U.S. as a whole, 32 states can be ranked accord ing  to  the 

generalized rank  dom inance c r ite r io n  w h ile  17 states ranked s ta tis tic a lly .

In  th is  thesis, we develop a d is tr ib u tio n -fre e  m e thodo lo gy  to  de te rm in e  o rde ring  

or dom inance re la tio n sh ip  between generalized Lorenz curves. T h is  n o n -p a ra m e tric  

procedure fo llow s from  A ly  [2]. One m ay also develop a n o n -p a ra m e tric  procedure 

for ‘ in te rse c tin g ’ generalized Lorenz curves. T he  la tte r  is no t shown in  th is  thesis but 

can be de rived  fo llo w in g  the m ethods in  C hap te r 2.
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3.2  O ne S am p le  C ase

Le t F0 be a co m p le te ly  specified d is tr ib u tio n  fu n c tio n . Le t F( -), x  and x ]:ni x 2:n, . . . ,  x n n 

be respective ly , the  e m p ir ic a l d is tr ib u tio n  fu n c tio n , the  mean and th e  o rder s ta tis tics  

o f a random  sam ple fro m  F(-) .  I t  is assumed th a t incomes are measured in  the  same 

m o n e ta ry  un its . F u rth e rm o re , p/r > pp-0.

H 0 : F  = F0 ( :U )

against the  a lte rn a tiv e

GL
H x ■ F  < gl Fo and F  ±  Fa (3.2)

where < gl is defined in  ( l . 8).

Le t L(p)  be the  Lorenz curve o f incom e d is tr ib u tio n  F  and lo t GL(p)  be the 

G enera lized Lorenz curve o f F.

[  GL(p)  = p f  L(p)dp  =  f  f  F  ' ( s )dsdp  
Jo Jo Jo Jo

= J  F ~ 1( s ) J  dpds

=  / ' ( I  -  s ) F - \ s ) d s
Jo

T hen by in te g ra tio n  by parts.

Le t F\  and F 2 be tw o  incom e d is tr ib u tio n  func tions . 

Define

28
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£  G L ( P) = i F - 1( 0 ) / ( F - ' ( 0 )  ^  0 . s) ' VF' - ' ( . s)  (3,1)
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A ( F „ F 2) =  2 f { G L , { p ) - G L 2{p) }dp  
Jo 

=  2 /  { p ,F , ( p )  -  fi2l 2{p)}dp 
Jo

=  { / r  *(o ) w ^ o )  /  o) +  ^ ( i  -  w }  -

{ f ^ o W F ^ o )  1  0 )  +  J \ i  -  a J ’ d F f ’ w }

=  ^ c i ( F i )  -  8g l { F 2),  (3.5)

where

&giA F )  -  F -1 ( 0 ) / ( F -1 (0) ^  0) +  / 1(1 -  s )2r fF _1(s). (3.6)
Jo

and 1(A) is the in d ic a to r fu n c tio n  o f the  event A . W e no te  th a t

A ( F a, F 2) =  0 i f  F l G= F 2 and
GL

A ( F „ F 2) >  0 i f  F i F 2 (3.7)

For th is  reason, we propose to  use A ( F i , F 2) as a m easure o f dev ia tion  fro m  H 0 

n favor o f / / j .

To  conduct the  one-sam ple test, we propose the test s ta t is t ic

t n = A ( F ,  F0) = 6g l (F)  -  6Gl (Fo) (3.8)

where Sc l {-) is as defined in  (3.6).

S g l ( F )  = x l:nI ( F ~ \ 0 ) # 0 )  +  2 ( l - i ) J ( x i+1: f l - x f:n)

=  x 1:n/ ( F _1(0) ^  0 ) - f  ^  ^ (7 7  -  z)2( x 1+1:„  -  x , ;n), (3 .9)
TIU » = 1

The  basis o f the  one-sam ple test is the  fo llo w in g  theorem :

29
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T h eo rem  3 .1  As s ume  that  F ( - )  has f inite variance,  and that 0 <  cr2{F)  <  oo, where

a 2{F)  =  % j \ \ - x ) 2 ( Z y { \ - y ) d F - ' { y ) d F - ' { x )  (3.10)
Jo Jo

Then as n  —> oo,

n *  { * g l ( F )  -  < W F ) }  Z  N(0,cr2( F) ) (3.11)

Proof:

Let

where

n* {Sg l ( F )  -  6g l ( F ) }  = nh { /  -  / }

J =  / ’ - 1( 0 ) 7 ( F - 1(0) ^  0) +  f \ l  - s ) 2d F ~ }(s)
Jo

I  =  F -1 (0 )7 (F -1 (0) /  0) +  I ' {1 — s ) 2d F ~ ' ( s )
Jo

n * { / - / }  =  { F _1(0) — F _1( 0 ) j  7 ( F _1(0) ^  0)

+ n *  { g ( F ; p )  -  g ( F ; p ) }  ,

w here g ( F ; p )  = f j ( l  -  s ) 2d F ~ J(s).

W e consider f irs t the  l im it in g  d is tr ib u tio n  o f the  second te rm  in  (3.13).

(3.12)

(3.13)

^ { < 7 ( F ; p ) - 5 ( F ; p ) }  =  n i y j l - s Y d F - ' i s ) - j \ \ - s ) 2d F - ' ( s ) } ,

30
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B y  Theorem  5.1 o f A ly  (1990),

n ± { g { F - , p ) - g { F - , p ) }  £  2 ] \ \  -  s ) { - \ ) B ( s ) d F ~ \ s )

=  - 2  ( \ l  -  s ) B ( s ) H F ~ l (s) =  Z , (3.14)
Jo

N e x t, we consider the  lim it in g  d is tr ib u tio n  o f the  f irs t te rm  in  (3.13). W e o n ly  

need to  consider the  case F -1 (0) ^  0 in  w h ich  we assume th a t / F _1(0) ^  0. W r ite

d  B{  0)
/ ( F - * ( 0 ) )

Hence, as n  —► oo,

=  0. (3.15)

R2 { /  — /  j  random  va riab le  o f th e  R .H .S . o f  (3.14)

I t  there fo re  fo llow s th a t

n's {Sg l { F \ p ) -  8GL( F \ p ) }  -  n* [ g { F \ p )  -  g y F \ p ) }  (3.16)

Hence by  (3.14) and (3.16), we have a s n - >  oo,

{ S a i X h p )  ~  6g l ( F -,P) }  £  - 2 ^ ( 1  -  s ) B ( s ) d F ~ 1(s)  =  Z

where /?(•) is a B row n ian  b ridge  and Z  ~  7V(0, cr2( F ) ) .  T h is  com ple tes th e  p ro o f 

o f Theorem  3.1.

T h e o re m  3 .2  As s ume  t he* E X 2 < oo, and  0 <  cr2( F )  <  oo. Then
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w here Z  is a N ( 0 , 1) r .v . and <x{F0) is as in  (3.10)

T h e  p ro o f o f T heorem  3.2 is a long the  lines o f p ro o f in  Theo rem  2.1 in  A ly (1991 ).

A s a consequence o f (3 .17), we propose to  re jec t H 0 o f (3 .1 ), in  favor o f / / j  o f 

(3 .2) i f  T n >  z i_ q , where zp is th e  p th q u an tile  o f Z .  T h e  consistency o f the  proposed 

te s tin g  p rocedure  fo llow s fro m  th e  resu lt th a t i f  A (F, F0) >  0 then

Tn = T :  +  R n,

where

t ; £ 0 ( i )

and

^  =  i i i { A ^ ) > = 0 ( n i )
cryr o)

W e used a sm all scale M on te  C arlo  expe rim en t to  check th e  a sym p to tic  n o rm a lity  

o f Tn o f (3.18). We com puted  7’so and 7\oo in  the  case F ( x )  =  1 — e x p ( —x) ,  x  >  0 

and used 1000 rep lica tions .

3 .3  T w o -S a m p le  C ase

In  th e  present section, we are in te rested  in  tes ting  the  n u ll hypothesis

32
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T ab le  3.1: C r it ic a l Values for Tn

Sam ple Size 0.10 0.05 0.01

n j =  50 

rix =  io r

1.1432

1.1815

1.4692

1.6414

2.2425

2.4468

H 0 : F x G= F2 (3.18)

aga inst th e  a lte rn a tive

GL
H x : Fx < gl F 2 and Fx ±  F2 (3.19)

B y  th e  a rgum ent fo llo w in g  (3 .19), we propose the  use o f & ( F x , F 2) o f (3.5) as a 

measure o f d e v ia tio n  fro m  H 0 o f (3.18) in  favo r o f Hx o f  (3.19).

To  conduct the  above-m entioned tw o-sam ple  test, we propose th e  tes t s ta tis tic

*2;n,,n2 — &(Fx,  F2) — $Gl (F\ )  — &Gl {F2), (3.20)

where Sg l (') is as defined in  (3.9).

T h e  a sym p to tic  d is tr ib u tio n  o f t 2-nun2 and the  basis o f  th e  tw o -sam p le  tes t is g iven 

in the  fo llo w in g  theorem  th e  p ro o f o f w h ich  is shown in  th e  app e n d ix  o f A ly  (1991).

T h e o r e m  3 .3  Assume  that Fx(-) and F 2{-) have f ini te variances, 0 <  a 2{Fx) < oo 

and  0 <  a 2(F2) < oo. Then

” 1^2 ^  {*2;n,.n2 ~  A ( F 1,F 2) }  Df  n \ n 2 \  
V t i  i +  n 2 /

JV (0 ,1)

33
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a s m in ( n i , n 2) —► oo and ( n j , n 2) G D \  :=  { ( n i , n 2) : A <  <  1 — A } fo r some

A ~  (0 ,1 /2 ] ,  w here A ( F j ,F 2) is as (3 .5) and

2 {ni<r2(Fi)  +  n 2g 3(F 2)>
( n , + n 2)

N e x t we define,

=  < 1„ 2( A , A )  =  { n 1cr2( A )  +  n 2<T2(F 2) } / ( n 1 + n 2), (3.21)

where

<r2(A) =  % ( \ \ - x ?  T  y { l - y ) d F - \ y ) d F i \ x )  (3.22)
Jo

-  8  X )  f 1 “  ^~)  X )  ~  ^  ~  * / n » )  ( ^ i + n n ,  -  3 r . : n ) ( ^  +  l : n ,  ~  X J : n j ( j B . 2 3 )
j =2 V n l /  ,=1 n J

and <t2( / 2) is defined s im ila rly .

F rom  th e  d e fin it io n  o f <72( A )  and cr2( / ’2) and by  the  S LLN  and Theo rem  11 o f 

Sendler (1979), i t  fo llow s th a t they  are consistent es tim a to rs  o f a 2{F\)  and <t2( / <12) re

spec tive ly  T h is  re su lt, and the fac t th a t under / / „ ,  A ( / ri ,  Ft)  =  0, im p ly  the  fo llo w in g  

co ro lla ry .

C orollary  3.1 As s u me  H 0 holds true. Then under  the condit ions o f  Theorem 3.3, 

we have

^  £  Z  (3.24)
\ n  i +  n 2 /  <t„, in2

where Z  ~  N( Q, 1) random  variab le .

A bove  c o ro lla ry  suggest th a t an a sym p to tic  d is tr ib u tio n  free test fo r tes ting  H 0 o f

(3.18) aga inst i / j  o f (3.19) is to  re jec t H a i f  T2 ,ni ,n2 > z i ~a- T he  test based on

is consistent.
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T ab le  3.2: C ritic a l Values for 72;n: ,n3

Sam ple Sizes 0.10 0.05 0.01

n j ,  n j  =  50 

r?i, n 2 =  100

1.28649

1.33959

1.54799

1.67885

2.23698

2.34783

We perfo rm ed a M o n te  C arlo  s im u la tio n  s tu d y  to  check the  a s y m p to tic  n o rm a lity  

° f  ?’2;n,,nj o f (3.24) In  th is  paper, we com pu ted  T^so.so and 72;ioo,joo in  th e  case 

F\ (x )  =  Fi {x)  =  1 — e x p (—x) ,  x  >  0. T he  num ber o f rep lica tions  is 1000. T h e  M o n te  

C arlo  c r it ic a l values are shown in  Table 3.2.
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C h a p ter  4

A n  A lte r n a tiv e  In d ex  o f  In com e In eq uality

In  th is  chap te r, we consider th e  p rob lem  o f o b ta in in g  an a s y m p to tic a lly  d is tr ib u tio n - 

free e s tim a tio n  procedure fo r the  p o in t in e q u a lity  m easure K  and its  corresponding 

g loba l measure . These measures are derived fro m  th e  ra tio  between popu la tio n  

and incom e  quantiles  o f Z e n g a  [54]. The  a sym p to tic  th e o ry  fo r the  K  e m p irica l 

co n ce n tra tio n  process is also developed and consequently, a variance e s tim a to r is 

defined. S im u la tio n  studies are conducted under tw o  lead ing  incom e d is tr ib u tio n  

m odels, nam e ly  the  Logno rm a l and Pareto  D is tr ib u tio n s  to  check, fo r f in ite  sam ple 

sizes, th e  a sym p to tic  resu lts  and p rope rties  o f these es tim a to rs .

4.1 In tro d u ctio n

In  recent years, econom ic and s ta tis t ic a l research on incom e d is tr ib u t io n  has led to  

th e  deve lopm ent o f several measures (curves) o f incom e in e q u a lity  o r p o in t concen

t ra t io n  measures (P C M ). N yga rd  and Sandstrom  [41] g ive  an exce llen t accoun ting  

o f these concen tra tion  curves. F ros in i [23] makes a tho rough  exa m in a tio n  o f in 

e q u a lity  measures based on various types o f com parisons between the  d is tr ib u tio n  

fu n c tio n  F  and the  f irs t m om en t d is tr ib u tio n  fu n c tio n  Q  o r as a com parison between 

th e ir  inverses. The  f irs t in com p le te  m om ent d is tr ib u tio n  fu n c tio n  Q ( x )  is defined as 

Q ( x ) =  jlla  s f ( s ) ds .

As in e q u a lity  increases th e  tw o  curves tend to  m ove a p a rt a lthough  no t always 

(F ros in i [23]); hence, some distance measures between the  tw o  curves can be used, 

o r a t least be candidates fo r in e q u a lity  measures. T h e  f irs t  o f such measures is the  

H o lm e ’s measure g iven by Q -1 (0.5) — f r_1(0.5). M o d ifica tio n s  to  the  H o lm e ’s measure
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were done by d iv id in g  by  p  o r by Q ~ l (0.5). O the rs  have proposed s im ila r  measures o f 

specific  frac tiles . Frosin i [23] gives a sys te m a tic  analysis o f d e r iv in g  p o in t in e q u a lity  

measures. I f  the  d is tance is com puted  as a fu n c tio n  o f a p a r t ic u la r  abscissa x , o r o f a 

p a r t ic u la r  o rd in a te  p, such distances are ca lled p o in t concen tra tio n  measures. I f  the  

d is tance  is a fu n c tio n  o f tw o  o r m ore ( ty p ic a lly  a ll)  po in ts  o f th e  curve  F  and Q,  th is  

is said to  be a g lobal measure o r g loba l index. T h is  is com pu ted  as th e  average o f 

p o in t measures and is the  area unde r th e  p o in t concen tra tio n  measure.

I f  we le t Q F ~ l {p) =  L{p),  exam ples o f measures derived fro m  differences o r ra tios  

between o rd ina tes  are A(p)  =  p  — L(p) ,  B ( p )  =  F Q ~ l {p) — p , e tc . T h e  measures 

C ( x )  = x  — / r_1 [<2(x)], a < x  < b and D(p)  — £?-1 (p) — F ~ l (p) are based on com pa r

isons between the  abscissas. P o in t measures a llow  com parisons between d is tr ib u tio n s , 

no t w ith in  th e  same d is tr ib u tio n s . The  fo llo w in g  in te rp re ta tio n s  o f the  o rd ina tes  and 

abscissas are useful in  d e te rm in in g  the  rea l s ign ificance th a t th e  above in e q u a lity  

measures possess.

1. p  refers to  the  percentage o f poorest in d iv id u a ls ;

2. F ~ x(p) is the  h ighest incom e o f the  share p  o f  (poore r) in d iv id u a ls ;

3- Q ~ 1(p ) >s h ighest incom e o f the  poore r in d iv id u a ls  th a t  possess toge the r the  

share p  o f the  incom e;

4. L(p)  is th e  percentage o f to ta l incom e possessed by the  p th % poorest o f in d i

v idua ls ;

5. F ( x )  is the  percentage o f in d iv id u a ls  w ith  incom e less th a n  o r equal to  x;

6. Q ( x )  refers to  the  percentage o f to ta l incom e possessed b y  th e  same in d iv id u a ls ;

7. F Q ~ l (p) is the  percentage o f (poore r) in d iv id u a ls  th a t possess th e  fixed  share 

o f incom e;
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8. Q  l F { x ) refers to  th e  h ighest incom e am ong th e  share o f (poore r) in d iv id u a ls  

w ho possess the  incom e p ro p o rtio n  F (x ) .

In  o rde r fo r a P C M  to  be in  th e  roste r o f va lid  in e q u a lity  measures, i t  m ust sa tis fy  

th e  fo llo w in g  cha racte ris tics : ( i)  T he  P C M  m ust take values in  the  in te rva l [0 ,1 ]; ( i i)  

I t  m u s t n o t have a forced behav io r; ( i i i )  As the  incom e d is tr ib u t io n  X  tends to  the 

n u ll concen tra tio n  (i.e ., when a ll in d iv id u a ls  receive the  same incom e o r L(p)  = p ), 

th e  P C M  m ust tend  to  zero and as X  tends to  the  m a x im u m  concen tra tion  (i.e ., when 

one person receives a ll the  incom e and others receive none o r L{p)  =  0 fo r 0 <  p < 1 

and L ( p ) =  1 fo r p  = 1), the  P C M  m ust tend to  one; and ( iv )  T he  P C M  allows p a rtia l 

o rde ring . W h ile  the  o rd in a te  o f the  Lorenz C urve , L(-),  has been the  m ost w ide ly  

used P C M , by co n s tru c tio n , i t  has a forced o r p rede te rm ined  behav io r in  the  sense 

th a t L{0) =  0 and L{ 1) =  1 and is always an increasing convex func tion .

Zenga [54], in tro d u ce d  th e  Z -cu rve  w h ich is derived based on the  analysis o u tlin e d  

above b u t no rm a lized  in  the  sense th a t the  d ifference D(p)  is d iv id e d  by Q -1 (p). I t  is a 

com parison  o f th e  difference o f the  highest incom e o f the  share p  o f (poore r) in d iv id u a l 

and th e  highest incom e am ong the  poorer in d iv id u a ls  th a t possess toge the r the share 

p  o f  th e  to ta l incom e, relative to  the  h ighest incom e o f th e  poorer in d iv id u a ls  th a t 

possess the  fixed  share o f to ta l incom e. I t  satisfies the  p rope rties  o f a good P C M  

p a r t ic u la r ly  th a t o f a free behav io r. N o t hav ing  a forced behavio r p ro p e rty  means 

th a t when p  varies fro m  0 to  1 o r when x  varies fro m  a to  b, the  P C M  does not 

obey a pre-assigned p a tte rn  (say, a curve be ing convex). I ts  g loba l index ( z , w h ich 

is th e  average o f p o in t measures Z(p) ,  can be v isua lized  as the  area under the  Z-  

curve. M oreover, when x  tends to  the  n u ll concen tra tio n , Z (p ) tends to  one and 

when x  tends to  the  m a x im u m  concen tra tion , Z(p)  tends to  one. T h is  im p lie s  th a t 

th e  Z( p)  =  0 is the  com p le te -eq ua lity  line  and the  d e v ia tio n  from  the Z-curvc  to  

th is  lin e  is the  p o in t concen tra tio n . T he  la rge r the  d e v ia tio n , the  h igher the p o in t 

concen tra tio n . D ance lli [20], L a to rre  [41], S a lva te rra  [47], P o lla s tr i [43], and Dagum  

[17] have c r it ic a lly  surveyed the  advantages and disadvantages o f the  Z  measure.
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These theo re tica l and e m p ir ica l stud ies have shown th e  s u p e r io r ity  o f th e  Z -cu rve  

re la tiv e  to  o the r measures. How ever, since th is  is a re la t iv e ly  new area o f research 

and m a in ly  due to  the  c o m p le x ity  o f the  expression fo r  Z ,  l i t t le  has been done to  

develop the  correspond ing too ls fo r  fo rm a l s ta tis tic a l in ference. In  p a rtic u la r, o n ly  

the  parametric  approach o f e s tim a tio n  has been ex tens ive ly  s tu d ie d  (see L a to rre  [38]).

In  th is  paper, o u r focus is on deve lop ing n o n p a ra m e tric  a s y m p to tic a lly  d is tr ib u tio n -  

free m ethods fo r the  / t '-P C M . T h is  in e q u a lity  measure can be derived  fro m  the  com 

parison o f the  abscissa (p a r t ic u la r ly  C( x ) )  o r fro m  the  ^-m ea su re . T h e  ( l - K( p ) )  

curve  is in te rp re te d  as the  m easure o f h ighest incom e am ong th e  share p  o f  (poore r) 

in d iv id u a ls  who possess a percentage o f to ta l incom e em re la tiv e  to  the  average in 

com e o f the  same in d iv id u a ls . The  g loba l index o f th e  K - c urve  is also the  average o f 

the  p o in t measures and is the  area under the  /( '-cu rve .

In  Sect ion 2, expressions fo r th e  A '-P C M  and th e  correspond ing  g loba l in d e x  £ 

are shown. A  com parison is pe rfo rm ed against th e  Lorenz  and Z - P C M  in  te rm s 

o f th e ir  p roperties . A p p lica tio n s  o f these measures to  classical d is tr ib u t io n  m odels 

and to  e m p irica l da ta  o f U SA and IT A L Y  are exp lo red  as w e ll. T he  deve lopm ent 

o f th e  s ta tis tic a l theories are con ta ined  in  Sect ion 3, p a r t ic u la r ly  the  n o n p a ra m e tric  

approach fo r e s tim a tin g  £. F u rth e r, a sym p to tic  th e o ry  o f o u r proposed e s tim a to r o f 

£ is developed lead ing to  inferences regard ing  th e  sam p ling  v a r ia b il ity  o f th e  incom e 

d is tr ib u t io n . The variance is es tim a ted  n onpa ra m e trica lly . Unbiasedness, consistency 

and coverage p ro b a b ility  are ve rified  th rough  a s im u la tio n  s tu d y  in  Sect ion 4-
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4.2  T h e  K -P C M

4 .2 .1  T h e  K -P C M  as d erived  from  Z -PC M

Le t the  incom e X  o f a u n it be a nonnegative  continuous random  va riab le  w ith  dens ity  

fu n c tio n  f ( x ) ,  cu m u la tive  d is tr ib u t io n  fu n c tio n  (cd f) F ( x )  and f in ite  m ean F[A'] =  p.  

L e t Q ( x )  be the  c d f o f the  f irs t  in com p le te  m om en t, th a t is, Q( x )  = ^  f *  $ f ( s ) ds .  

N o te  th a t b o th  F(-)  and Q{-)  are in v e rtib le , th a t is, b o th  are s tr ic ly  increasing and 

p o s itive  on th e ir  supports. Zenga [54] defines the  Z -P C M  o r Z -C u rv e  as:

Z(p)  = Q ~ l {p) — F ~ l (P)

=  1 -

Q ~ l {p)
F - \ p )
Q - H p V

0 <  p < 1, (4.1)

w here

F  l (p) =  i n f { x  : F ( x )  > }  is the  popu la tio n  quan tile ,

Q~ l (p) =  i n f { x  : Q ( x )  > }  is the  incom e q uan tile .

T he  correspond ing  g lobal measure o f Z -P C M , denoted by is th e  area under 

th e  concen tra tio n  curve Z , th a t is,

e  =  [ ' z ( P)dp
Jo

F~

Q- ' ( p )

T he  Lorenz C urve  o f F  is defined as

L(p)  =  ~  r  F - y t ) d t .  (4.3)
p Jo
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In  em p irica l w ork , the Lorenz curve m aps the  cu m u la tive  d is tr ib u t io n  o f house

holds arranged by increasing the size o f th e ir  incom es (ie  p = F (x ) )  in to  the  cu m u la tive  

d is tr ib u tio n  o f th e ir  correspond ing aggregate incom e.

We note th a t the Lorenz C urve  L(-)  can be w r it te n  as L ( y ) = Q o F ~ l (y)  and 

hence L ~ x{p) =  F Q ~ 1(p) and Q~*(p) — F ~ 1L ~ 1(p). T h is  leads to  an a lte rn a tiv e  

expression fo r £z as exp la ined below.

I3y (4 .2), we have

=  /  Z{p)dp
Jo1 I' F~‘(p) J

= 1 - y „  o ^ F ) dp
r 1 F ~ l (p)

= ' - i F = n $ G ) +  i i A )

Let L ~ y(p) = y  and note th a t dp =  L' ( y )dy  =  ji F ~ l (y)dy.  S u b s titu t in g  in to  (4.4), 

we get

F  F - l L ( y y - F - l {y) l  , l ,

=  1 -  I  F - " M  *  -  * -  J I  F  Hv) dv ' <4' 5 )

N ote  th a t by (4.5),  I \ ( p ) d p , where

K ( p )  = 1 -  - F - ' L i p ) ,  0 <  p  <  1 (4.6)
/*

T h is  suggests th a t the  new m easure1 (curve) K ( - )  defined by  (4 .6) and denoted by  K -  

P C M  is a p o in t concen tra tion  measure. N ote  th a t f z  is th e  area unde r the  A '-C u rve  

(and also under the  Z -C u rve ). We w ill use th e  n o ta tio n  £ (=  £z ) when we use the  

representa tion  in te rm s o f the A '-C urve .

'F rossin i has exam ined several point measures based on the  com parison between the  d is tribu t ion  

function F and the 1st m om ent incomplete d is tribu tion  function Q. T h e  K  P C M  can also be derived 

using such m e thod  of comparison.
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R em arks:

From  (4 .2 ), we can express £ as

i  =  1 - -  f l F - 'L ( p ) dp
f i  Jo

=  £  F ~ l L(p)dp}

=  ^ { / o, ( ^ " 1( 2 / ) - ^ , / 4 y ) ) < v }

-  [ ' !<• {■)  dy,
Jo

where

A '- (p )  =  -  -  F _1 £ (/> )} , V/> £ (0, I )
fi 1 -1

w h ich  suggests the  a d d itio n a l measure K ' ( - )  as a p o in t concen tra tion  measure.

4 .3  C om parison  b etw een  th e K and Z C urves

In  th is  section, we estab lish the p roperties  o f the  A '-C u rve  and com pare i t  w i th  

Zenga’s Z -C u rve .

P ro p er tie s  o f  th e  K -P C M

1. K{p)  takes values in

t /.’ T p
1    1  -X 1 1 1

p  p

where t p  =  A _1(0) and Tp — F _1( 1—).

2. K{p)  has a pre-estab lished behavio r since the  curve  is a decreasing fu n c tio n  ol

p( ^  —7Tl'~i r i "  <  0). The  curve can be e ith e r convex or concave-.
M M j ( c  m p ) )  —  '

3. T he  n u ll and m a x im u m  concen tra tion  resu lts ap p ly  fo r p £ (0,1) .
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F unctional Form s to  F it In com e D istr ib u tio n s

B ehav io r o f L and Z under the  U n ifo rm , Logno rm a l and P a re to  M odels have been 

analyzed in Zenga [54]. Here we presen* ‘ he graphs o f these curves toge the r w ith  

those from  the  A '-P C M .

B eh a v io r  for U niform  D istr ib u tion

X  U n i f o r m ( p (  1 — a),  p ( l  +  o ) ) ;  E ( X )  =  /r ;

r, s 1 2 ^  p ( l  -  a)  < x  < p ( l  + a ) , p  > 0 \ 0  < a  < I 
J( x)  =  \

0 o therw ise

F ( x )  =

0 x  < p ( l  — a )

1 x  >  / / ( l  +  a)

2**a / / ( l  -  a ) <  X  <  / i ( l  +  q )

F  *(p ) =  F ( 2qP +  (1 -  <*)} 
d F ~ \ p )

dp
= 2 p a

Q l (p) = y j i a p  +  (1 -  a ) 2

L  L{ l>)  =  j;foP F ~ 1(t)dt  = a p 2 +  (1 -  a ) p

2. Z { P) = 1 -  =  1 -  -lZZ±lLTr°)
U V  ‘ ( f )  y / 4aPi ( l - . , p

3. K ( p )  =  1 — F =  1 — {2 a 2p 2 +  2q(1 — a ) p  +  (1 — a ) }

4- F ' ( p )  = I  { F - 5(p) -  F ~ l L(p)}  =  {2 q P +  (1 -  a ) } - { 2 a V  +  2 a ( l  -  a ) p  + (1

F ig u re  4.1 (a) , (b) , (c)  and (d) are the L , Z , K , and  K "  curves o f the  u n ifo rm  d is 

t r ib u t io n  w i th  q =  0.5 and a =  2.5.

B eh a v io r  for L ognorm al
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X  Lognormal with E { X )  =  exp ( 7  +  | 6 2), 

V a r ( X )  =  e x p ( 2 j  +  262) — exp(27 +  83), 8 >  0.

«7 2 T l exp ( - r  [isJtf-a]2)  x  >  0 ; |7 | <  + o o ,0  < 8  < o o
/ ( * )  =  .

0 o t her wi s e

F i x )  _  *  ( i S i z l )

« « )  -

F - ' i p )  =  exp (7  +  6 $ - ' ( p ) )

^ d p ^  ~  ^ CXP +  d $ - 1(p)

Q ~ l (p) =  exp (7  4- 82 +  s  $ -1 (p))

where 4>- 1(p) is th e  inverse o f the  s tanda rd  n o rm a l d is tr ib u t io n  fu n c tio n .

1. A(p) =  $[«l»-1( p ) - « ]

2. Z( p)  =  1 — e x p ( —82)

3. A '(p) =  1 -  exp (<5 $ -* (/> ) -  f )

4 .  K ' ( p )  =  CX1,( ^ ( p )  H » p ( * ( p ) - * 2 )

e*p(js )

Note: F igures 4.2 (a ), (b ), (c) and (d ) are the  L , Z, K  and K *  - C urves o f th e  

Logno rm a l d is tr ib u t io n  w ith  7 =  2.8 and 8 =  0 .35,1.5 .

B e h a v io r  fo r  P a r e to  T y p e  I

A' —  Pareto  w ith  E ( X )  =  f * f , 0 > 1 and £ ( A '2) =  f * j ,  0 > 2

f ( x )  =  0 x 80 x 9 \  x >  x 0 >  0, 
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«« - 1 - ( i )
F ~ l (p) =  x 0 ( l - p ) ~ °

d ^ '~1(p) _  f £  _  p y(\ /e+i)  
dp 0

Q - ' i p )  =  x 0( i - p ) _ n ^ n

1. l (p ) =  i - ( l  - p ) ^

2. Z ( P) =  l  -  ( l  - p ) V = n

f(,_p)((i-e)/»2)
3. /^ (p )  =  1 — g(g_])-l

4. K - ( P) =  *=*r o0

N ote : F igures 4.3 (a ), (b ) , (c ), and (d ) are the  L , Z , K  and K *  - Curves o f the  

Pare to  d is tr ib u t io n  w ith  0 = 1 . 2  and 2.9, 4.5.

A p p lica t io n  to  Em pirical In com e D is tr ib u tion

S a lva te rra  [47] has s tud ied the  behav io r o f the  L  and Z  co n ce n tra tio n  curves in  

grouped d a ta  taken from  the 1986 Survey o f the  B ank o f I ta ly  on incom e d is tr ib u tio n  

o f I ta lia n  fam ilies . P o llas tri [43] has likew ise  de te rm ined  th e  behav io r fo r  bo th  L  and Z  

fo r th e  d a ta  taken from  the  1935-36 and 1979-80 Survey on th e  U .S .A . Personal Incom e 

D is tr ib u t io n . In  F igures 4.4 (a ), (b ) and (c) and F igu re  4.5 (a ) - ( f ) ,  we reproduce th e ir  

resu lts  toge the r w ith  the  behav io r fo r the  K  Curve.

In spec tion  o f the  curves ind ica tes th a t  the  curve Z(p )  seems m ore  fle x ib le  in  

describ ing  in e q u a lity  and is m ere sensitive  to  va ria tions  in  th e  e m p ir ic a l d is tr ib u tio n s . 

In  p a r t ic u la r , when the Z-curves in  F igures 4.3.5 (c) and (d ) are superim posed, we 

no tice  th a t  in  the  USA d u rin g  the  tw o  periods s tud ied , th e  p o in t concen tra tio n  has 

increased fo r the  richest and has decreased fo r the  poorest. W e are unab le  to  a rrive  

a t a s im ila r  conclusion when the  Lorenz curves are be ing com pared.
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4.4  O n  T h e o re tic a l R esults

In  a d e sc rip tive  sense, the  Z ( p ) C u rve  is shown to  be m ore supe rio r th a n  th e  L ( p ), 

K (p )  o r K ' ( p )  Curves. T h is  is ev id e n t in  its  p roperties , th ro u g h  its  behav io r fo r 

various classical incom e d is tr ib u tio n  m odels and because o f its  f le x ib i l i ty  and sen

s it iv i ty  to  va ria tions  o f incom e in e q u a lity  in  the  e m p ir ica l d is tr ib u tio n s . S ta tis tic a l 

in ference based on the  Z  C urve is h indered  by  its  expression as a ra tio . H ow ever, fo r 

the g loba l index £, we are able to  o b ta in  a n o n p a ra m e tric  e s tim a te  o f £ and develop 

its  p roperties .

T h e  f irs t subsection gives a d e riva tio n  o f the  n o n p a ra m e tric  e s tim a to r £n fo r the  

g lobal index  £. N e x t in  section 4.4.2, a C en tra l L im it  Theorem  fo r  is estab lished. A  

n o npa ra m e tric  es tim a te  o f the  variance o f £n is g iven in  section 4.4.3 F u rth e rm o re , we 

present ano the r m ethod  o f e s tim a tin g  rr2(£ „) th ro u g h  th e  q u a n tile  d e n s ity  e s tim a tio n  

approach. The  fo rm  q(-) — appears in  the  expression o f cr2( f „ ) ,  hence the

prob lem  o f e s tim a tin g  q in  term s o f e ith e r a h is to g ra m -typ e  o r k e rn e l-typ e  e s tim a to r 

is investiga ted .

T h e  las t subsection o f th is  section provides expressions fo r th e  exact a s y m p to tic  

variance under the  Pareto and Logno rm a l d is tr ib u tio n s .

4.4.1 A  N o n p a ra m etr ic  E st im ator  o f  f

Let Fn be the e m p irica l d is tr ib u tio n  fu n c tio n  (E D F ) based on a random  sam ple 

i i ,  x-2 , . . . ,  x n fro m  F , th a t is,

Fn(x)  =

0 X\-n >  x

^  X k : n  ^  X  X k F l : n i  ^  —  1 . . .  72

1 Xn:n ^  Xj

where a-S:n,a-2:n, . . . ,  x n:n are the o rde r s ta tis tics  o f the  X  sam ple.

Let F ~ l (y)  =  i n f { x  : F n(x)  > y }  be the  correspond ing  e m p ir ic a l q u a n tile  fu n c tio n . 

Note that, we w il l  use the  fo llow ing  (a s y m p to tic a lly  e qu iva le n t) d e fin it io n  o f F ^ 1(-),
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w here <  x  >  is th e  sm allest in tege r >  x.

L e t Z „ ( - )  be th e  e m p ir ic a l co un te rpa rt o f L(-).  I t  can be shown th a t L„(0) — 0, 

L „ ( 1 ) =  1 and

Y lnvl j
l n { y )  = —  +  — (ny  -  [rt2/ ] ) i [ny]+l:n 0 <  j / <  1, (4.9)m * n  -rn x

where £ ° =1 =  0 and [f] is th e  greatest in teger <  t. 

N ote  th a t

|  [” y] 1 [ny] + i
- E * i : n  <  L n{y) <  - -  E  * , : n  (4.10)» r  • n  n r ■n i  ,=i

F or th is  reason, the  e m p ir ica l Lorenz curve has been defined in  the  lite ra tu re  by 

any o f th e  three (a s y m p to tic a lly )  equ iva lent expressions appea ring  in (4.10). In  th is  

paper, we define th e  e m p ir ica l Lorenz curve, L „ (  ), as

Ln(y)  =  —  5 > i : n  0 <  1/ <  1 . (4.11)
UX 7^1

T h e  le ft  continuous inverse, ^ ( ■ ) ,  o f L n( •), is know n in  the  lite ra tu re  as the 

empirical  concentration curve. I t  can be shown th a t ^ “ ’ (O) =  0 and

L n l {p) = i n f { y  : L n (y) > p}

0 p  =  0
(4.12)

£ x <-n < P < ^  £ i  = l x i:n

T h is  im p lie s  th a t
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L Z ' i 3- )  =  '
0 j  =  0

n  £ E ? = l  X' :n <  J — £ £ i = l  x *-n

N ow , recall th a t the  concen tra tion  index £ is defined in  (4 .5 ), as

£ =  1 F - ' L ( y ) d y
\i Jo

O u r proposed non p a ra m e tric  es tim a te  o f £ is g iven by

L  =  1 -  -  /  F - l L n(y)dy  
x  Jo

B y  (4 .8 ), (4.11), (4.14) we o b ta in

£n =  1 - -

n x  V n x  TZi I n x

=  1 -

1

n x  t=1

n  —1

n x

R em ark:

I f  we es tim a te  L n{-) in  (4.14) by the  th ird  expression o f (4 .10 ), we a rr iv t

Cn nx

n  — 1

z 2 x , * i ‘n “f“ 'En ' .n

j = i +  l : n3

as an a lte rn a tiv e  e s tim a to r o f £. W e have no ticed  th a t overestim a tes f .

4 .4 .2  A sy m p to t ic  D is tr ib u t io n  o f  (

In  th is  section we derive  the a sym p to tic  d is tr ib u tio n  o f

53

(4.13)

(4-14)

(4.15)

at

(4.16)
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T h e o r e m  4.1 Assum e  that F(-)  satisfies the Csdrgo- Revesz  tail conditions on (ty, Ty) 

(cf. Defini tion 2.1) and that  0 <  &\{F)  <  oo, where

<r\{F) =  cr|(£n ) =  2 ^  { (1  - y ) h ( y )  x h ( x ) d F  ‘ (a-)i j r f F - 1^ ) ;  (4.17)

1 °. 9{t) c \  ° ( l - 0 .  
K } F ~ 1L ~ 1 (t) y 2 y 2 y  '

(4.18)

9 ( 0  =  /  p _ , r _ i / yx ^  * ( 0  an^JL(y) F  l L  1 {t)
(4-19)

p*1

■2- 
^

 
7IIw (4.20)

T h e n , as n — ► oo,

Proof:

R eca ll th a t

L  =  1 - ^  =  1 /  F~* L n(y) dy
X X Jo

and

I  1 /-i
£ =  1  =  1 --------I F  L ( y ) d y .

i i  a  Jo

Hence,

L - t  = - - -f l  X

X f i x

=  ^ - ( x - / i ) .  (4.21)
X X
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Define Un{-) = F F n ’ (•) and u n(t) =  n *  (Un{t ) — t) ,0  <  t <  1. 

N ote  th a t

" > ( / „ - / )  =  Jo { K ' L n ( y ) - F  l L { y ) } d y

=  n *  £  { l F ~ l L n(y) -  F ~ 1L n (y)) +  [F~l L n (y) -  F ~ ' L { y ) ] } d y

= J\ (y) + M v ) ,

where

M y )  =  n *  £  { F ~ 1L n( y ) - F - l L n( y ) }  dy

and

M v )  = n* £  { F - ' L n M - F - ' L i y ) }  dy

B y a tw o  te rm  T a y lo r series expansion,

dyMy )  -

=  n *  £  { L n(y)  -  L (y )}  1 - - dy -  R 2, (4.22)
f F - ' L { y )

where

1 1 / ’ r r r r . .M 2 f ' F ~ \ i v)
R2 = 2nhI  i L^ - L^ y P F - ' L i t y )  

and

m i n ( L ( y ) ,  L n(y)) < ey < m a x ( L ( y ) ,  L n(y)).

Also,
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M y )  = n t £ { F ; ' L n( y ) - F - ' L M } d y

= n ? £  { F - ' { F F ; ' L n{y)) -  F - ' L n (y)}  dy

(4.23)

B y  a tw o  te rm  T a y lo r series expansion,

M y ) =  n? £  { F F - l L n(y ) -  L n(y )}  j -~ dy

1 1 f r r  t I  \  i t  m2 f ' F - l L n(fiy)
- 2 n L  {U- L M  -  L M }  72 !/

where

1 ■ / ’ r „  r M  ,  , m 2 / ' ^  T n ( (Sy)
R l = o n2  /  { ^ n T „ ( y )  -  T n ( y ) }  -  2 -  7 -  T

2 Jo J * r  L n(cyj

and

m i n { U nL n( y ) . L n(y) )  <  6y <  max(LJnL, t {y) ,  ^n{y) ) -

B y  D e fin it io n  2.1 i i ,  a resu lt o f G old ie  [28] and argum ents s im ila r to  those
/ ;  f t

irgo-Revesz [1G], we can prove th a t as n  —► oo, R i -----► 0 and R ? ------ ► 0-

Hence in  te rm s o f ln (y)  = n ? { L n(y) ~~ M y ) }  we have

i „  p f 1 U y )  , , /■’ u n( L n(y))  , ,
=  I  T F u m - W o  J f - ' l 'm

—  ^ l , n  +  ^ 2 , n  +  ° ( 1  ) •

Csorgo et. al. [15] proved th a t

U y )  M y )
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(4.24)

used in

(4.25)
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and

u n{y) B ( y ) ,

where B(-)  is a B row n ian  bridge 2 and

a ( 2/) =  \  { £  B ( t )  d F - ' ( t )  -  L ( y ) £  B { t ) d F ~ \ t ) }

Consequently, as n  —» oo,

fF- 'L(y)

and

A 0  f '  B ( L ( y ) )

( 4 ' 2 6 )

B y  (4.25), (4.26) and (4.27), we have

as n —► oo.

B y (4.21), (4.28) and S lu ts k y ’s T heorem , we have as n  —► oo

-  v J l  7 f^ T ( i) dv ] > {' ) n

-  — B { t ) d F ~ \ t )  =  S. (* .2 9 )
n Jo

JThe process { B (x ) ,0  <  x  <  1} is said to  be a Brownian Bridge if it is G auss ian  with m ean  zero 

and covariance function £ ’[Z?(s)B(t)l — s A t  — st ,  where A  m eans m in im um (s ,t ) .
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N o te  th a t in  (4 .29), we use the  resu lt th a t

n? ( x  — / i)  [  B ( t )  dF~* (<), as n —» 00.
Jo

B y  le t t in g  t =  L(y)  and use the  fac t the  L ' ( y ) =  ^ F ~ l ( y ) and d F ~ l (t)  =  yp^r^ > 

we can show th a t

5  =  £  { f ^ T F h T) + s- ^ ~ 7 - {1^ } ' )  <u o >

and h(i) ,  g( t )  a n d c l  are as in  (4 .18),(4 .19), (4.20), respective ly.

N o te  th a t S is a mean zero n o rm a l random  variab le  w ith  variance a \ { F )  o f (4.17). 

T h is  com ple tes th e  p ro o f o f Theorem  4.1.

4 .4 .3  N o n p a ra m e tr ic  E st im a to r  for cr^(F)

T h e  D ir e c t  N o n p a ra m etr ic  V ariance E st im a to r  <x2(£n)

L e t Fn( •, and L n(-) be the e m p ir ica l d is tr ib u tio n  fu n c tio n  and the  e m p ir ica l Lorenz 

fu n c tio n  o f the  g iven sam ple and x  be the  sam ple mean. T he  d ire c t nonpa ra m e tric  

e s tim a to r o f cr^(F) is ob ta ined by rep lac ing  F -1 (-) by F ~ l (-) in  (4.17). T h e  resu lting  

e s tim a to r is given by

=  ° 2(Zn) (4.31)

where

~ S  j  (* — n) hn (n )  ^ n hn ( n )  ^ ,+1:Tl “  |  (X>+,:T‘ _

k
9n  1 -

1______ , 9 n ( $ )  C \ n (1 - £ , )+

Cl n --

F; 'L~n ' { k- )  i 2 i 2
n - l  i

X  ^  F - i r - l f i l  ( XJ + l :n -  X j - . n )
j = l  n

X

n - l 1
=  X z L  F - i  r -> { i_J X>+Vn XJ;" )

J = [nLn( i) ]  '
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and

are as defined in  (4.13), (4.8) and (4.11), respective ly .

N on p a ra m etr ic  Variance E st im ator  v ia  Q u antile  D e n s i ty  E s t im a t io n  A p 

proach

In  th is  section, we derive  another expression fo r th e  variance in  te rm s o f  the  q u a n tile  

dens ity  fu n c tio n  where q(-) = F rom  here on, we w il l  re fer to  th is  a lte rn a tiv e

expression as the  q u a n tile  dens ity  approach.

Le t S  be as in  (4.29), i t  can be shown th a t

S  — S\ + S 3 — S 3 ,

c  1 B ( y ) j t - u  \
1 — ~  /  V 1- . l1/ v (y)>// Jo f F  l {y)

S 2 =  - 1  / *  B { y ) 9 ( y ) d F - \ y ) ,
f F  Jo

So =  - ^ { A  + P ( l - f ) }  T  B { x ) d F - \ x ) ,  
u £ Jo

9 (;r) ^  L  f F - ' L ( t )  L  f F - ' ( z ) dL

A I  f F ~ ' L ( y ) dy Io f F ~ H t ) d L  1(<)‘

Hence,
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<r\{F) =  V a r ( S )  =  £ '[5 ]2 =  a x +  cr2 +  <r3 +  2<rJ2 — 2<Ti3 — 2er23, where <r, =  E [S ,]2 

and (Tij =  E[Si  S j] are g iven by

*  =  ? / o  h ^ ) l "  7 i ^ ) n d l ' ' iy) '

02 ~ - 4  f  ( ! - y ) a{ y)  [  ^ g { x ) d F ' ~ x( x ) d F ~ l (y),
I T  J 0 JO

03  =  +  [ '  y f \ l - x ) d F - ' ( z ) d F - ' ( y ) ,
U* Jo Jv

CT\2

= jC’ t 1 -  »> jC’

+  7J l y ^ £ T F ^ d L ~ ' t l ) d F ~ ' M - 

=  ^ C j F ^ k  [  y s { y ) d F ~ ' { y ) d , r ' (x)

+ ^ J o

^13 - 7 «  + « ' - n t t ' {

-  £  {A  +  * 1  -  «>} / „ '  $ = $  £ v 4 F - ‘M L - ' M

+ £  {  a + d i  - « » / ;  / >  - » )  « ■ - ( » ) * - 1 (*> ,

and

<^23 =  ^ 7  {A +  ^(1 -  <f)} [  f  { x  A y  -  x y )  g ( x ) d F  x( y ) d F  ' (x ) ,
y *  Jo Jo

=  - L  {A  +  /x ( l -  4 ) }  j f  (1 -  * )  $ ( * )  j T  y d F ~ l {y) d F ~ l (x)

+ J_ {A + /z(l -  0 }  /  x 5(x) / J ( l  -
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L e t q(-) be an app rop ria te  e s tim a to r fo r  9(-). We propose to  e s tim a te  <7, and oy, 

by and which are g iven below.

*■« =  > < « « ) .
\ n x ) ,= 2  >=1

° 2n =  F  ( *  “  n )  ( n )  ( n )  (X j+ l:n  “  X j:n )’

2 a j  n—1 / n—1 \
<*3n =  +  5 (1  - £ . ) }  £ ( * / " )  ( Z J C 1 ~ j / n ) ( x i+V-n ~  * j:n )  J  (* i+ l:n  “  *i:n),

1 n - l  [ " ^ i ]

<Tl2n =  — - y i ) ^ ( y i )  E 0 7 n ) j W B ) ( * j  +  ! »  “  * j : « )
nX i= l j'= l

+  - ^ X ) K ' 9 ( V ; )  5 Z  ( 1  - j / n ) ^ 0 7 « ) ( * i + J : n  
. = 1 ;= [ „ * ]  + !

1 " - 1 ["^1
^ n n  =  —  {A „ +  5 ( 1  -  6 , ) }  (1 -  Yi)q(Y>) Y , ( j / n )  (x j+1:n -  x j:n)

n x  i= i  j = i

+  - 4 ^ { A n +  i ( l  - f n ) } 5 T  Y i < l ( Y i )  X )  ( 1  ~  j / n ) ( x i + l . n  ~  x r . n ) ,
UX *'=1 J  =  [nV.]  +  l

2 * n—i i —i
®23n “  ~T̂  "I" ^(1 ) j*

i = 2  J = 1

2 .  . n  — 1 n  —1

2 - n—1 1
— {A „  +  x ( l  -  { „ ) }  £  0  -  * / n ) g ( i / n )  ( x i+1:n -  x , :n) J ^ O '/n )  ( x j+Un -  x j:Tl)
r i=2 J=1
2 _ n —1 n —1

—  { A n +  5 (1  -  £n ) }  (*'/n ) <7(*Vn ) (* i+ l:n  “  *i:n) S  ( 1 _  j / n ) (* i+ l:n  “  *;:»)>
. =  2 > = i

where

n n x

^n O '/n ) =  I' q ( z ) d L n 1(z)  = -  J 2  q(Yi),  
J n  *

n t = n £ n { } / n )

4'n{ j /n)  ~  Y K k / n ) 9 n ( k / n ) ( x k+l : n - X k ; n ) ,
k= 1
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T he  p ro b le m  o f e s tim a tin g  the  q u a n tile  dens ity  q(-) =  y ^ l r jTj is exp lo red  th ro u g h  

a ‘h is to g ra m -ty p e ’ e s tim a to r o r th rough  a ‘ ke rn e l-typ e ’ es tim a to r.

T he  histogram-type  e s tim a to r suggested b y  S id d iq u i [53] and investiga ted  by  B lock  

and G a s tw ir th  [12] and consequently used and m o d ifie d  by Falk [22] is o f the  fo rm :

{ F ~ H p  + b ) - F - H p - b ) }
=  -------------------------------------Yb-------------------------------------- '

  {:E<np+nfe>:n x < n p - n b > : n }  ^  ^2^
26

where 6 is the  b in  w id th , b a n d w id th  o r sm oo th ing  pa ram eter and satisfies the  co n d i

tions th a t 6 =  6(n) > 0, 6 —♦ 0 and n6 —► oo as n  —► oo. T he  o p tim a l value o f 6 is 

6 =  cris where c =  L ] 2  ̂ q»(p ) =  . .

Kernel-type  e s tim a to rs  are proposed by  various authors (see Jones [31], B abu and 

Rao [6], B abu  [5], Fa lk  [22], and M u lle r  [40]). W e draw  on the  w ork  o f Jones such 

th a t the  K e rn e l e s tim a to r is o f the fo rm :

1 ( u - U = & \
<72(u ) =  )  '  (^ iin  ^ i - l in )  ^  ^  I £ j

-  X n:n -  k  ( — j — )  +  x U n- k  , 

where k ( - )  is a s y m m e tr ic  p ro b a b ility  d e n s ity  fu n c tio n  say,

k ( u )  =

0 u  <  —1

1 -  ju | - 1  <  u  <  1 (4.33)

0 u >  1

We take  6 =  b(n) =  ------   r  w h ich  satisfies th e  con d itio n  th a t b(n) —* 0 and
( n l o g ( n ) ) f

n 6 (n ) —► o o a s n  —» oo.

4.4 .4  E x a c t  V ariance R esu lts

E xact  V ariance U n d e r  th e  Lognorm al D is tr ib u t io n

62

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

Recall (4 .17), (4 .18), (4 .19) and (4.20) fo r  o - |(F ) , h( t) ,  g ( t ) ,  and c l ,  respective ly . 

U nder the  Logno rm a l, th e  fo llow ing  expressions are derived :

p =  exp (7  +  ^<52)

L ( t )  =  * ( * - ’ ( « ) - * )

F - ' L ~ x( t ) =  e x p ( 7 +  ^  +  ^ - 1( 0 )

=  e x p ( 7 +  ^ - l (<)) 

d F - ' ( t )  = S e x p ^  +  S Q - ' i t ^ d Q - ' i t ) .  

I t  can be shown th a t:

A ( j )  =  _ 1 S e x p (—63)
e xp (7  +  82 +  exp (S2) e x p (7  +  \ 8 2) e xp (7  +  | £ 2)

E x a c t  V a r ia n c e  u n d e r  th e  P a re to

Recall the fo rm u las  unde r (4.17), (4.18), (4.19) and (4.20) fo r crj(F) , h ( t ) , g(t) ,

and c l ,  respective ly .

U nder the  P a re to  d is tr ib u t io n  on ( l ,o o ) ,  the  fo llo w in g  expressions are derived :

e
p  =

6 - 1

L( t)  =  l - i l - t ) * ?  

F - ' L - ' ( t )  = (1 - t ) ~ ^  

F - ' ( t )  =  ( 1 - 0 " "  

d F - ' i t )  =  i ( l - 0 " (1/tf+1)u

( =  11 + 6 ( 6 -  1)

= f l~ ~ ~aO^ ’ Cl =  0-e ( 2,aO ) ; and 
=  1 ( l - 0 ° 3 £?(2,a0) ( 1 - Q

(1 — 0 ° 4 p6a0 p6 p
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where aO =  a l  =  |  a2 =  j ;  a3 =  a4 =  B ( 2, aO) «  B e t a ( 2, aO)

P lu g  in  A( f )  and d F ~ l ( i ) in to  (4.17) and evaluate th e  in te g ra l in  te rm s o f the  

p a ra m e te r 0. T he  derived  variance is called the  exact variance  unde r the  Pareto 

M ode l in  th is  paper.

4.5  S im u la tion s

M o n te  C a rlo  s im u la tio n  stud ies are conducted in  o rder to  estab lish  the  unbiasedncss 

and consis tency p roperties  o f £n and cr2(£n ) as estim a to rs  o f (  and o f or2(^n), respec

tiv e ly . T w o  lead ing m odels o f incom e d is tr ib u tio n s  are assumed under study, nam ely, 

th e  L ogno rm a l and Pareto.

L a to rre  [38] proposed p a ra m e tr ic  estim ates o f £ under several m odels o f incom e 

d is tr ib u tio n s . P a rt o f his resu lts  are repo rted  in  Table (4 .1) and T ab le  (4 .2) toge ther 

w ith  th e  resu lts  o f th is  research.

T h e  s im u la tio n  s tudy  are shown in  Section 4.5.1 fo r th e  d ire c t approach w h ile  

resu lts  fo r  th e  q u a n tile  dens ity  e s tim a tio n  approach in  Section 4.4. T he  M T S  F O R 

T R A N  language toge ther w ith  the  subrou tines in  IM S L (!!) t)2 )  are used in  the  com 

p u te r s im u la tio n  program s (re fe r to  th e  append ix  fo r th e  co m p u te r p rogram s). For 

sam ple size less than  or equal to  100, 1000 generations are taken. For sam ple size 

1000, o n ly  300 re p e titio n s  are done. A na lys is  and in te rp re ta tio n  o f resu lts  are covered 

in  Section 4.3.

4.5.1 M o n te  Carlo S im ula tion  - D irec t  A pproach  

N o ta t io n s

1. E m c (£ti) — M on te  C a rlo  es tim a te  o f

2. V a r M c i t n )  — M on te  C a rlo  variance estim ate  o f
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3. E m c  (<72(£»)) =  M on te  C arlo  e s tim a te  o f

4. VarMC {&2{in))  — M on te  C arlo  variance es tim a te  o f <r3(£n )',

5. <y«act((n )  =  exact variance unde r th e  p o p u la tio n  by  e va lua tin g  (4.17);

6 . er^ar(^z ) =  ‘ p a ra m e tr ic ’ variance , ie, variance ob ta ined  b y  th e  lin e a riz a tio n  

m e thod ;

7. <y2(£n) =  non p a ra m e tric  a sym p to tic  variance e s tim a to r;

U n d e r  th e  L o g n o rm a l M o d e l

X  —» lo gno rm a l w ith  7 =  2.8 and 6 =  0.35

/ ( I )  =  {  * > °
0 otherw ise

n x )  .  *  ( J s s i z i )

£ =  1 — e x p (—<52) =  0.1153;

n V a r \ i c { £ n ) ~  0.03, n is the  nu m b e r o f observations. (4-34)

The  value fo r the  exact variance <72xacf ( f n) is n o t eva luated. W e re ly  on (4.34) as 

gauge o f the  ‘e x a c t’ variance under th e  Logno rm a l.

U n d e r  P a re to  M o d e l

X  P a re to  on (1, 00) w ith  6 =  2.9.

T he  a sym p to tic  variance under th e  Pareto  does no t ex is t fo r 6 <  2.

f ( x )  — 6 x ~ e x  > 1 >  0,
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T ab le  4.1: S im u la tio n  Results under Lognorm al M odel

P roperties Sam ple Size 100 Sam ple Size 1000

E M c i ln ) 0.12190 0.11571

V arM cU n) 0.00026 0.00003

E m c  { *2( D ) 0.02783 0.02636

V a r MC (<72( {n ) ) 0.00026 0.00003

coverage p ro b a b ility  (95 % )

U sing  N O N P A R  V ariance 96 % 93 %

U sing  P A R A M E T R IC  Variance 91 % 91 %

< =  1 + „ ( „ - ! ) =  0 1 5 3 6  

* L a c t ( f n )  =  0.4932

N o te  th a t cr̂ xact(£n) under th is  m odel is evaluated (see S ection  4.4.4). T h is  num ber 

has been ve rified  using tw o  approaches, nam ely by e va lua tin g  equa tion  (4.17) and by 

th e  expression o f th e  variance in  section 3.3.3 (v ia  q u a n tile  d e n s ity ).
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T ab le  4.2: S im u la tio n  Results under P are to  M o d e l

Properties Sam ple Size 100 Sam ple Size 1000

E \ f c ( ( n) 0.15486 0.15408

V a r M c i i n ) 0.00293 0.00041

E m C (<j2(£n)) 0.22466 0.44118

V a r MC 0.16901 0.54548

coverage p ro b a b ilitie s  (95 % )

Using N O N P A R  Variance 80 % 89 %

Using P A R A M E T R IC  Variance 95 % 95 %

4 .5 .2  M on te  Carlo S im ula tion  - Q uantile  D e n s i ty  A pproach

In  th is  section, we de te rm ine  w he the r the  q u a n tile  dens ity  q ( )  w h ich  appears in  

the  expression o f <r2(£n), im proves th e  e s tim a tio n  o f th is  a s y m p to tic  variance o f £n. 

N o n p a ra m e tric  e s tim a tio n  resu lts were good in  th e  lo gno rm a l case, fo r  th is  reason, 

we w il l  o n ly  consider the  Pareto distribution in  th is  subsection.

T h e re  is a tendency fo r spurious noise to  appear in  the  ta ils  o f the  estim ates o f q(-). 

Hence, we need to  a d jus t <fi( ) a p p ro p ria te ly  to  o b ta in  accura te  estim ates aside fro m  

em p lo y in g  va riab le  sm oo th ing  param eters. S im ila r ly , the  s y m m e tr ic  dens ity  fu n c tio n  

K  is va riab le  a t the ta ils  o f the  d is tr ib u tio n .

U sin g  th e  H isto g r a m -T y p e  E st im a to r

For 0.26 <  p  <  0.85,

f t ( p )  =  b > 0

For p > 0.S5,

</,(;>) = 6 > o.
For p < 0.26,
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U sin g  K e r n e l-T y p e  E stim ator

R eca ll (4.33) th e  Jones K erne l e s tim a to r:

& (« )  =  £ ( X , :„ - X , _ 1:n) ± * l ------ ^ - 1

-  * n : n  -  k ( — — )  +  X V.n-^k ( - )

For 0.10 <  p < 0.85,

{ 1 — lu l — 1 <  u <  1

0 else

For p  <  0.10,

{ 2(1 — u)  0 <  u < 1 

0 else

For p  >  0.85,

2(1 +  u) — 1 <  u <  0

where

b =  b(n) - ^ i o g ^ y / 3  ■

4.6 In terp re ta t io n  and A n alys is  o f  R esu lts

B y  T heo rem  3.1, we have shown th a t fo r large n , £n is a s y m p to tic a lly  n o rm a l, un 

biased and e ffic ien t w ith  a sym p to tic  variance given by (4.17). U nder the  popu la tio n  

Logno rm a l and P are to  m odels, these results are checked based on the  know ledge o f a 

random  sam ple fro m  these popu la tions . T h e  es tim a to rs  is s t i l l  unbiased fo r very 

large n. In  o rde r to  check e m p ir ic a lly  w he ther o u r proposed procedure  is e ffective  

in  p ro v id in g  co rrec t inferences abou t the  p o p u la tio n , we judge  by  the  coverage p rob 

a b ilit ie s  fo r  £. T h e  coverage p ro b a b ility  under the  Logno rm a l is very  close Lo the
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T ab le  4.3: S im u la tio n  Results under the  P are to  (Q u a n tile  D e n s ity )

P roperties Sample Size 40 Sam ple Size 100 Sam ple Size 1000

H IS T O G R A M -T Y P E

E MC {<T2(£n)) 0.3192 0.3145 0.4681

V a r Mc  (d-2(6 ,) ) 0.1817 0.2631 0.5576

coverage p ro b a b ility  (95% ) 86% 86% 91%

K E R N E L -T Y P E

E m c  { a 2( L j ) 0.2868 0.3038 0.4816

Vai 'Mc  (d-2( f „ ) ) 0.1442 0.2496 0.6038

coverage p ro b a b ility  (95% ) 87% 86 % 91%

expected tru e  coverage o f 95% for b o th  n =  100 and n =  1000. However, unde r the  

Pare to  M ode l th is  is no t the  case.

We then  ve rify  the  unbiasedness and consistency p roperties  o f <r2(£ „). Based on 

the  sam ple, under bo th  m odels, the  a s y m p to tic  variance e s tim a to r is unbiased fo r 

n — 1000. W e are n o t able to  conclude fu l ly  the  s ta b il ity  o f ou r n o n p a ra m e tric  

variance e s tim a to r, in  the  sense o f hav ing  a sm a ll variance, based on th e  M o n te  C arlo  

variance e s tim a to r o f <y2(£n )- We t r y  another approach a t e s tim a tin g  th is  variance. 

Since the  te rm s in  cr2(£ „) depends on th e  q u a n tity  q(-) =  we inves tiga te

q u a n tile  dens ity  es tim a to rs  fo r <?(■). U pon using th is  approach to  get an a lte rn a tiv e  

e s tim a to r fo r ct2(£ „), we a rr ive  a t s lig h tly  im p roved  results. B y  e m p lo y in g  an e s tim a to r 

o f q(-) w h ich  is m ore e ffic ien t than the  ones conducted , we w ou ld  g re a tly  im p ro ve  our 

e s tim a to r o f cr2(£). T h is  w ould resu lt in a coverage p ro b a b ility  m uch  closer to  95%.
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